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COMPLETE FINSLER-RIEMANN SYSTEMS 


By J. G. FREEMAN (Bradford) 
[Received 27 June 1956] 


1. Introduction 
A FInsLER-RIEMANN system, consisting of an n-dimensional deformable 
subspace in a Riemann (2n—1)-dimensional space, together with trajec- 
tories and generators, has first fundamental form given by (2) (2.9), viz. 
ds? = g,,(v,u)dxdx’” (a,b = 1, 2...., ), (1.1) 
and the length Z of the element of support is given by 
LP? = gu’. (1.2) 
The Finsler space having the x“ for coordinates, the u“ for components 
of the element of support, and the same function L for the length of the 
element of support, will be called the Finsler image of the F—-R system. 

Those elements of the Finsler image which may differ from the corre- 
sponding elements of the F—-R system will be distinguished by a vertical 
bar placed after them (but before the affixes), so that the first fundamental 
form of the image will be denoted by 

ds*| = g\,» dx%dx® (1.3) 
and the absolute differential in the image of a vector with components 
X* by DX|¢ = dX¢4-X°dxT),4,+X*duO|,4,. (1.4) 

With this notation a normal F-R system as defined in (2) § 2 is one 
for which g,, = 9\ap- If C,4. = C|,%,, the F-R system will be called 
C-type, if T,*, = T'|,,, it will be called T-type, and, if g,,,, C,“,, T,%, equal 
J\av C\y%.. T\,% respectively, it will be called complete, when also 

P7, = T*)% Ay*, = Alpes 
since the formulae [(2) (3.18), (3.19), (3.20)] expressing I'*,%,, A,%, in 
terms of I',”,, C,%, are then identical with the corresponding formulae 
for the image. - 

In a complete F-R system the g,,, T',*,, C,%,, ['*,%,, Ap% can be 
expressed in terms of derivatives of L? only (this being a property of 
the corresponding expressions in the image). 

In the last section I consider whether there exists a complete F-R 
system having a given function for the square of the length of its element 
of support. 
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162 J. G. FREEMAN 
2. Transformation of S,,-coordinates 


When the coordinates of S, are transformed by equations of form 
x = 2%(2"1, 2"8...., 2°), (2.1) 


the elements of the F-R system will be denoted by double dashes, so 
that the first fundamental form becomes 


ds* = g” »(x",u”) dx"*dx”® ' (2.2 


and the absolute differential of a vector with transformed components 
X"@ becomes 


DX"* = dX"*4.X">de"T",4,4.X" du"C",4.. (2.3) 


Put ax" /Ga> — Vg, Ga /Gar"® = Ae ” ” 
67x"4 /OxhOxe om Vg. O2x4/Gar”? ex" soe Ag, ’ a“. 
so that VeAc = 5, Ve Aa = 82. 


Since, by definition, the DX° are components of a vector, 
DX"* = Ve DX". 

By means of (2.3) and (2.4) this can be written 

X"¢dx " Pr Ps, = AY, V§— Vi Ae AY Ve Ae Af, uC] + 

+X" du"I[C"2,—V§ AE AgC.2,] = 0. 
Since the X”¢, dx"J, du"S are arbitrary, it follows that 
T".2, = Ag VEAP Ty, + Ae, VE+AS VE AR, VE WIC”, (2.5) 

and C" 2, = Ae VE AIC... (2.6) 

Since an identical method may be used to establish the corresponding 
transformation formulae for the Finsler image, it follows that C,°,, [.”,, 
OC" 2,, T" 4, in (2.5), (2.6) can be replaced by C|,,, T'|.2,, C"|.%, T” \e%y 
respectively. 

Since also 9" a» = ACAL Gs (2.7) 
with a similar formuia in g|,, and g”|,,, it follows that: 

If an F-R system is (i) normal, and/or (ii) C-type, and/or (iii) both 
C-type and T-type, it remains so after a transformation of the coordinates. 

Since equations (2.5) involve the C,4,, if a system is [’-type but not 
C-type, it will not, in general, remain I’-type after transformation. 


3. Simplification by change of S,-coordinates 


In certain cases it is convenient to transform the S,-coordinates, taking 
as coordinate lines in S, those of S,, and its trajectories, so that 


y* = x, yt = #4, (3.1) 
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To avoid confusion in this case g,g, . [«B, y] will be replaced by 


By 
Ixup> | * } [aB, y]’ respectively. Then 
7 
Jan = Fup Bi By = Gop 825) 
from (3.1). Therefore Ia = Tu (3.2) 
Also from (2) (3.9) 


[be,€] = Gacy, of 
_— Be{ Be.+ BE \) 
Y 


— day By RE BY .* | 
JaeI” Iup fb \B y 


= 815955 Sz[By, pl’. 


Therefore ; [bc, e] = [be, e]’. (3.3) 
s { a \ = gh 
Also \b of g*[be, e}. 
Consequently ia = g[be,e]’. (3.4) 


Further, from (2) (3.10), 


= most) 





b AJ 
= gg’, Bessy, | a |’ 
en 
: = 9**be 38 54[By, p]'. : 
. Thus if = g"[bA,e]’. (3.5) 
Since, from (2) (3.15), 
C. =- a \ a | A 
ne= |, J+ Aj? 
from (3.2), (3.3), (3.4), (3.5), we now have 
Tyac = [be, a] +[bA, a]'pet ! (3.6) | 
Crac = [bA,a]’gd } 


A — fA, 


when using S,-coordinates for which y* = x*, y 
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4. Normal C-type systems 
It will be proved that: 
Necessary and sufficient conditions for a system to be normal and C-type 
”_ (i) Cy. = 0 and (ii) C,, = G.- 
They are necessary: for, if the system is both normal and C-type, then 
Care = YreCa’c = JlveCla’e = Clave 
and Clac = 9, Clave = Cloae- 
They are sufficient: for, using (ii) and (2) (4.4), we have 
‘abet Crac = 2Care- (4.1) 


From LT? = g,, u*u’, 


Jar due = ( 


6L?/6ue = (ég,,/0ueutu® + 2g,,.u% 
= 2Cy, uu? + 2g9,, u* 
from (4.1). Hence, using (i), we get 


OL? /due = 29,,u*. 
Also, from (4.1) and (i), 


o? L?/duc du” = 2(é9,,/du”)u* + 29, 


_an 9 
= 4 acb ut + “Joe 
—_—_ 
= “Joe: 

Hence Joo = $2°L?/due du” = g|,,-, 


and the system is therefore normal; from (4.1), 
Care _ $09 qp/Ou° — 30g | 4p/Oue — C abe? 


and the system is therefore C-type. 
It will also be proved that: 


If a system is normal, a necessary and sufficient condition for it to be 
Y M ’ 
C-type 18 Cape = Chae: 


It is proved necessary as above. It is sufficient ; for then, from (2) (4.4), 


Cade ss $(C ‘abe + Cac) _ $09 qp/Ou° _= $09 | qp/Ou® — Clave: 


5. System with element of support transported along trajectories 
by induced parallelism in S, with deformation of S, 


In this case Dit = 0 when dz* = 0. From 


Die = dl¢+l dxT,2.+l du’ C,¢,, 
ut = L2, 
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and (2) (3.17) we have 
0 = dle + (Ldl+dLb\C,, 
= d+ PL dk 0,4,, 


i.e. 0 = dl°é¢, (5.1) 
where 6¢ = §4+1°LC,4.. (5.2) 


The d/¢ cannot all vanish: for, if they did, the /* would be constant along 
trajectories, and the ¢4 (expressible as functions of the /* and x) would, 
contrary to supposition, be constant along trajectories. Hence, from 
(5.1), the determinant _ 192) ~t (5.3) 


and the 4% as defined in (2) (3.19) are indeterminate. 

Further, for a C-type system, 

PC.*, = 0, 02 = 3, 6= 1, 

whereas, in the case now being considered, 6 = 0. Hence, since the A,*, 
and ['*,“, are functions of the 4%, from (2) (3.20): 

If the element of support of an F—R system is transported along trajec- 
tories by induced parallelism in S,, with deformation of S,,, then (i) A,%, 
and 1*,%, are indeterminate, and (ii) the system cannot be C-type, and 


therefore cannot be complete. 


Since Dit = Bt Di*, the same result follows if the element of support 
is transported along trajectories by parallelism in S,. 


‘ 


6. The function y,,,, 
For the Finsler image we define, as in (1) (15), 


a — l og be éq | ab 9 \ac : 
Viele = = ES + eae — Gx? | (6.1) 


Similarly, for the F-R system, we define 








(2) (Zs (25 ,9 
Yar * a] Ti) “te (6.2) 
be 2h Neat), " eae), \ex?), 
Now Foe = Foe “Toe pa, ete., 

éz*} dx}, ata 


where the (‘ 2) ; (2s) are defined as in (2) § 4 
x u ox" t 
Therefore 


é é 1 GYac » «€ 
Yabe = [ac, b|+- (ev —s we we — che: pi) (6.3) 
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7. Existence theorems 


Given a function 2F(z,u), homogeneous of second order in the wu, 
I shall consider whether a complete F—R system exists in which L? = 2F. 


7.1. In order that the system shall be normal, it is necessary and 
sufficient that g,, = @*F/éu%éu", and, if simplifying S,-coordinates are 
used as in § 3, we shall have g/,,, = g,,. Hence, a necessary and sufficient 
condition for the system to be normal is 


Jap = CF /du%ou?. (7.1) 

This expression is homogeneous of zero order in the u*, and, after 
substitution for the ratios w!/u?/.../u" from the equations (2) (2.5) 

u%/u" = f% (a, t)/f"(x,t) (a = 1, 2,...,n—1), (7.2) 


which will result from our choice of generators and which have yet to 
be determined, the g/,, become functions of the x and ¢4, and finally, 
by means of (3.1), functions of the y*. 


7.2. In order that this normal system shall also be C-type, from the 
second result of § 4 it is necessary and sufficient that C,,,. = C,,,.. Using 
(3.6) we can write this condition 


((a4,6)'—[b4, a) ad = 0, 





: Jus  ©9o4\ 4 ‘ 
2. <——~ qe = 0. 7.3 
1.€ (es ay }% (7.3) 
Hence, a sufficient condition that the normal system shall be C-type is that 
Jaa Goa 
ne eet eee 7.4 
2 (7.4) 


These equations can always be satisfied by taking the g/,, = 0 (when 
the trajectories will be orthogonal as in (2) § 5), by taking gj, to be 
independent of all the y* except y’, or otherwise. 

In general, the condition (7.4) is not necessary for the normal system 
to be C-type, but in the case in which n = 2 equations (7.3) reduce to 


O93 Gos 3_ 9 
dy? = ay /*° y 





and, since g? and g3 cannot vanish (é being supposed not independent of 
the u*), we must have , , 

— ais _ es 
ey? ey" 


as a necessary condition for the normal system to be C-type when = 2. 
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7.3. Returning to the general case, to obtain the condition that this 
normal, C-type system shall also be I'-type, we evaluate 


D,*. oe i Pl,7- (7.5) 
From (3.3), (3.6), 


D,". vie g*([be, e|]+[bA, e|'p4)— PM lo%es 





whence Doje = [be,f ]+[bA,f |’ pA —V lose (7.6) 
From (7.4), 
1 — 1004 , ta Joa) _ 1 Ory 
[o4,f)' = (a+ oy yf} 2 By*” 


Using this result and (6.3) in (7.6) we have 


a a é 1a 
Doje = Yote— az IS yf + oY vt — of ) 04 yA —D loge: 








a 2 dy- aya? 
But Gog = Gos 
dy4 = ata 
SINCE J,p = Jog and y* = #4; also yyy. = Yayo SINCE J, = J\qp- Then 
a 09, 
Doge = 3( 04 i S lofes (7.7) 
where Slave => DP \ofe—Y loge (7.8) 


The value of S|,,, is given by (1) 16, viz. 





_— age 
Slope = = Cloee% Chee Ou’ (7.9) 
oF .. oF 
rhe = — —— « .10 
where 24 | in aa pe (7.10) 
Also, from (7.7), 
- a 09. 
U Doge = 1w( oe pf — te pf) (7.1 1) | 
since, from (1) 15, US \pje = 9. 
—_— Gre 4 — Gove = ‘ 
Now wee oe 2Crogs (7.12) 


and for given values of b, c we can solve any n—1 of these equations 


for the n—1 unknowns oe. Thus, if gf is the minor of qg#, in |q¢7#,| 


divided by this determinant, where the brackets [ ] enclosing an affix 
indicate that it is to run from 1 to n—1 only, then 


gids = 5$. (7.13) 
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The equations (7.12) now give 


Foe 7. al 
atin = Cran Vhs 


‘ CF p,. ‘ 

1.€. a = Cr T¥'- ( 7.14) 
b re . 7 wk 

Hence u 1B =0 (7.15) 


since w’C,,, = 0 for a normal, C-type system (as proved in § 4), Then, 
from (7.11), uD, = 9, 


i.e. UT 7 = UT loses 
and wi*, = oT'|,*.. (7.16) 
Thus dT ,*, = dz*T'|,*, 


if the da are proportional to the u°, and 
DX¢ = DX|* (7.17) 
for any displacement in the direction of the element of support for the system 
defined by (7.1) and (7.4). Thus: 
Given the function 2F(x,u), a system in which 
er 
~ Gutéeu? 


(i) Jay = 


(ii) the gus satisfy bia =n woes 
cy 
is a normal C-type system having L? equal to 2F(x,u), and, although it is 
not, in general, complete, DX* = DX \* for displacement in the direction 
of the element of support. The g'4, and the generators are arbitrary. 


Hence: 

THEOREM I. Given a function 2F (x, u), homogeneous of second order in 
the u%, there exist normal, C-type systems in which L? = 2F. 

From (7.9), S\sac = —Slas- and then, from (7.7), Dpue = —Dare: ie. 
Dpac = 9 when b = a. From (7.7) it follows that a necessary and suffi- 
cient condition that the normal, C-type system defined by (7.1) and 
(7.4) shall be ['-type (and hence complete) is that 


] 4 6 ac Y | f * j 
3(fued— ue Pi ‘ = Slpac When b £a. (7.18) 


7.4. In the special case in which F is independent of the x*, we 
have y\ape = 0, G|,, = 0 from (7.10), and S|,,, = 0 from (7.9); hence 
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| .n¢ == 0 from (7.8). In this case (7.18) can be satisfied simply by 
choosing generators in such a way that 
Pa = 9; (7.19) 
this can always be done by defining generators by equations (2) (7.2) 
(or otherwise). If (2) (7.2) are now solved for the ¢4, the values 
obtained are independent of the x“ and these equations and the ratios 
u1/u?/.../u” must therefore be independent of the x*. Since 
Ie = u9/L = u%/,/ (gp, uu’), 

the /“ are homogeneous of zero order .in the u@ and through (7.2) they 
can be expressed in terms of the ¢4 independently of the x“ since the g,,, 
are now also independent of the 2*; the components of the unit vector 
in the direction of the element of support are thus the same at all points 
of S,, (#4 = constant), and the /-vector at any point of S,, is therefore 
parallel with respect to S,, to the /-vector at any other point of S,. The 
generators are thus extremals of S,,, parallel to each other with respect 
to S,. Thus: 

Given the function 2F(u), independent of the x*, a system in which 

(i) Jan = te, 

outou 
éy* ey?” 

(iii) the generators are extremals of S,, parallel to each other with respect 

to 8, 

is a complete system having L* equal to 2F(u). The g'4p are arbitrary. 

If 2F(x,u) is not independent of the x* but can be made so by a 
transformation of S,-coordinates from 2% to x”*, ie. 2F(x,u) = 2F"(u") 
say, a complete system can be determined as above for which 

[? = 2F"(u"), 

and, on returning to the original coordinates, we get L* = F, and the 
system remains complete by the result of § 2. Hence 


(ii) the gi, satisfy 


THEOREM II. Given a function 2F, homogeneous of second order in the 
u", which either is independent of the x* or can be made so by a transformation 
of S,,-coordinates, there exist complete systems in which L? = 2F. 

7.5. Returning to the general case in which 2F is not independent 
of the x® (and cannot be made so by a change of S,,-coordinates), we can 


write equations (7.18) 


h) A hind — @| 
Cran TD PZ —Cugns 1d PE = S loge 

















170 J. G. FREEMAN 


using (7.14); these are equations in the p and g@, i.e. ét4/éx* and ét“/du*, 
which could be used to determine the ¢4 in terms of the 2@ and uw“, and 
hence to obtain the generators. In the general case, however, these 
equations appear intractable, and I shall consider only the case in which 
n = 2. Equations (7.18) now reduce to 











Gre og ; 
(as P2— ae i) = = Shiv (7.20) 
and equations (7.12) reduce to 
OJ a» ioe Jar _ a OY 7.2] 
of e eue abe? ( loa ) 
1 09, 95 
whence 5 pp = Cathe Tey> (7.22) 


where the brackets () enclosing an affix indicate that we do not sum 
with respect to that affix. The right-hand side of (7.22) is independent 
of the bracketed affixes since u°C,,. = 0 and u’q? = 0 from (2) (3.16); 


whence — , 
Cui Gi = Cup2/G3- 


Equations (7.20) can now be written 

P2Cy01/G3 — Pi Coer/G = S| r20- 
Since u°S|,.. = 0 from (1) 15, the two equations obtained by writing 
c = 1, 2 are not independent, and they are equivalent to the single 
equation (we take c = 1) 

Cr P2—Coy P? = Siy21 Gi. 

Then, since w!C,,,+u?C,,, = 0, we have 

ulpi+urp? = (S\121/Cy)u*gi. (7.23) 

Now q? = ét?/du! = (éf8/ar)(ér/eu!) = (ét/ér)/u 
where r = u!/u?, and the right-hand side of (7.23) becomes 
(S| 101/Cy11)(68/Er). 

Dividing (7.23) by u? we get 
in which S}|,.,/u?C,,,, being of zero order in the u*, can be expressed in 
terms of r. When we write 


S\yq,/u°*C,,, = A(z", z*,1), (7.25) 
(7.24) becomes 


r 63/02) +- 688 /6x? = H(x', x, r) ot3/Er. (7.26) 
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Solving (7.26) enables us to express @ in terms of 2, x*, r and hence to 
express r in terms of z!, x?, in the form r = r(z!, x?, #8). The generators 
(for which dz!/dx? = u!/u? = r) are then obtained by solving the differen- 
tial equation 

dz'/da* = r(z',x?, #) ( = constant). 


Thus 
Given the function 2F(x,u), and n = 2, a system in which 
(i) Jar = wind 
»  Buteu’ 


ie Fes 
ee 
(iii) the generators are dias by solving 
r 68/61 +-0t8/0x? = H(x', x, r) 6t8/Or 





(ii) the gb5 satisfy — 


is a complete system sani L? equal to 2F(x,u). The coefficient 93, is arbi- 
trary. 


Hence we are led to: 

THEOREM III. Jf n = 2, given a function 2F(x,u), homogeneous of 
second order in the u%, there exist complete systems in which L*? = 2F, 
provided that the equation 

r 08 /6a!+- 088 /da? = H(x', x*, r) 0t3/Or 
(which gives the generators) has a solution which is valid for all values of 
xz), x*, r. 
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THE TOTAL LENGTH OF THE EDGES 
OF A POLYHEDRON 


By A. 8. BESICOVITCH and H. G. EGGLESTON (Cambridge) 
[Received 5 September 1956] 


It has been conjectured by L. Fejes Toth (2) that the edges of any 
convex polyhedron which contains a sphere of unit radius have a total 
length of at least 24. Our object is to establish the truth of this con- 
jecture. The minimal length 24 is attained for a cube and only for a 
cube. Partial results have been obtained by Hammersley (1) and by 
Fejes Téth (2, 3), who established his conjecture under the additional 
restriction that the faces of the polyhedron are of equal area, a restriction 
which alters the whole nature of the problem. 

For any convex polyhedron P we denote by L(P) the total length 
of its edges and by S, its insphere, or one of its inspheres if there is more 
than one. The radius of S, is denoted by R(P). Let A(N) be the class 
of convex polyhedra with at most N faces. We shall assume in what 
follows that N > 6, so that A(N) contains all cubes. 

Write L*. = inf L(P), Pe YAN), R(P) = 1. 

There is at least one member of A(N), say P%X,, for which 
L(PX)= Ly,  R(PX) = 1. 
Since N > 6, we know that L*, < 24. 

In what follows we suppose that N is fixed and, for convenience of 
notation, use P, L, S in place of PX, L( PX), Sp+ respectively. 

The method is to establish a sequence of properties of P which finally 
imply that it is a cube. These properties are numbered (i) to (xi), and 
the proofs of some of them, which are of an elementary nature, are placed 
in an Appendix. 

Denote the vertices of P by D(1), D(2),..., D(k) and the planes which 
contain the faces of P by 7(1), 7(2),..., 7(m). The face of P in x/(¢), i.e. 
the closed point set P/ (i), is denoted by F(i). The centre of S is 
denoted by O. 


(i) We may assume that every face of P touches 8. 

If there is a face of P that does not touch S, let the notation be so 
chosen that this face is 7(1). Let the distance of 7(1) from O be x, (> 1) 
and let 7(z) be the plane parallel to 7(1) at a distance x from O such 
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that O does not lie between z(1) and 7(x). Denote by P(x) the polyhedron 
that is bounded by 7(), 7(2),..., 2(m). 

We show next that L{P(x)} is a constant function of x in a neighbour- 
hood of x,. To do this it is convenient to define a new polyhedron Q 
which is that polyhedron bounded by z(1) and all those other 7(7) which 
either do not meet F(1) or alternatively do so in a non-degenerate 
segment. Suppose that Q is bounded by z(1), 7(7,),..., 7(7,). Let Q(x) 
be the polyhedron bounded by 7(x), 7(t,),..., 7(t,). 

To obtain estimates of L(P)— L{P(x)} and L(Q)— L{Q(x)} we need 
the following lemma. . 


Lemma. Let Ag, A,,..., A, be a convex polygon and B, a point, all lying 
in one plane m such that A,, Ag,..., Ag_, lie inside the triangle Ay A, Bo. 
Let D be a point not in w. Then 


Ay By+-A, By—DBy+ ¥ DA,— > Ais Ai > 0, (1) 


where Ay By is used for the length of the segment joining Ay to Bo, etc. 


Produce A; A;,, to meet A, Byin B;,, (i = 1,...,8—1). Then A, = B,, 
and the points By, B,,..., B, are in order on B, A,. Since the sum of the 
lengths of two pairs of opposite sides of a tetrahedron is greater than 
the sum of the lengths of the remaining pair, we obtain from DB; ,, B; A; 
the inequality 


(DB, .,—DB,)+DA,+B, B,,,+(A;B,—A;Bi3) > (i= 0,..., 8—1). 


If we add all these inequalities together, we obtain (1). 

Now, if x > 2,, then P(x) > P, Q(x) > Q, the set of points in P(x) and 
not in P is identical with the set in Q(x) and not in Q, and the face of Q 
in 7(1) Goincides with F(1). Thus 


L{P(x)}—L(P) = L{Q(x)}—L(Q). (2) 
If x < 2,, then suppose that F(1), the face of P in (1), has vertices 


D(\),..., D(t) (see Fig. 1 which illustrates the case t = 5). Let the edges 
of P through D(i), other than those in 7(1), meet 7(z) in 


A,(0), A,(1),..., A,(l) 


and let the totality of these points be in order on the frontier of PN x(x). 
The integer / is not fixed but takes different values for different values 
of i. Similarly let the edge of Q that passes through D(i) and does not 
lie in 7(1) meet 7(x) in B;. If there is only one edge of P through D(i), 
other than those in (1), then A,(0) coincides with B;. 
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For x near to x, (x < 2,) we have 
L{Q(x)}—L(Q)— L{P(x)}+ L(P) 
t 
= § [Adl0) B+ B,AM)—DWB+ ¥ DAG)— ¥ AG—DAAG)), 
; (3) 


A; (0)= By, 











Fic. 1. 


where the expression in braces is understood to be zero when A,(0) is B,. 
From the lemma and (3) it follows that 
L{P(x)}—L(P) < L{Q(x)}—-L(Q) (« < 2). (4) 
But P(z)¢ A(N) and R{P(x)} = 1 if x is sufficiently close to z,. Thus, 
by the extremal property of P, 

L{P(z)} > L(P), (5) 
for all x near to x,. However, L{Q(x)} is a linear function of x, and this 
fact combined with (2), (4), and (5) implies that it is a constant. But 
then, unless P is identical with Q, we have strict inequality in (4). By 
(5) this is impossible. Thus P is Q and L{P(zx)} is constant as x varies. 
We replace P by P(x), where x = R(P) = 1. The values of L(P) and 
R(P) remain unchanged. 

This establishes (i). In what follows we assume that every face of P 
r touches S. We return to a consideration of this assumption at the end 
of this paper. 











Ce 
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(ii) Every vertex of P lies on exactly three edges of P. 

We use the same notation as in (i) and assume that D(1), D(2),..., D(t) 
are the vertices of P in m(1) and that 7(1) meets S in the point M. We 
shall show that the statement (ii) is true of all the vertices of P in 7(1). 
Since 7(1) is any one of the bounding planes of P, the result is then 
true generally. 

Denote by P, the solid which contains P and whose frontier lies in the 
planes 7(2),..., 7(m). This solid may be unbounded. Let 7(1,6) be the 
plane obtained from 7(1) by rotating through an angle @ about an axis 
of rotation which lies in 7(1) and passes through M. We choose this 
axis of rotation so that it does not pass through any vertex of P. P, is 
divided by (1, @) into two components: that which contains O is denoted 
by P,(@). We are interested only in the case when @ is a small angle. 

We have R{P,(6)} = R(P)+0(8?) (6+ 0) (6) 
and, since P,(@)¢ AN), 

. L(P) _ L{P,(8)} 
R(P) ~ REPO} " 
Thus L{P(9)} > L(P)—», 9 = O(8*). (8) 

Let Q be the polyhedron defined in (i) and let Q,(@) be obtained from 
Q in the same way that P,(@) was obtained from P, i.e. by replacing 
m(1) by x(1, 8). 

Of the vertices of P in 7(1) suppose that D(1),..., D(s) lie on one side 
of the axis of rotation and D(s+1),..., D(t) lie on the other side. Let 
the vertices of P,(@) on the plane 7(1,0) lying on edges of P which 
terminate at D(i) be A(i, 1),..., A(i,) and let B(i) be the vertex of Q,(@) 
that lies on the edge of Q terminating at D(i). Tne points A(i,7), B(i) 
are not yertices of P or Q respectively. (See Fig. 2 for an illustration of 
the case t = 5.) 

Let the sign of 6 be such that, for 0 > 0, A(i,j)¢ P for l<ics. 
Then 





1{Q4(8)}—L(Q)—L{P(0)} + L(P) 
U 1— 
=X [¥ DWAG|)— ¥ AGIAGI+—DOBW)+ 
+A(i,1)B(i)+AG,DB@}, (9) 


where the unspecified range of summation is from i = 1 toi = t. The | 
expression inside the braces is to be replaced by zero if s+-1 < i < tand | 
6>0orifl!<i<sandéd< 0. 

Now let the plane through B(?) parallel to 7(1) meet D(i)A(t,7), pro- 
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duced if necessary, in A’(i,j). Then the distance A(i,j)A’(i,j) = O(6?). 
Further, if we consider different values of 6, all of the same sign, the 
resulting figures involving D(i)B(i)A’(t,j) (7 = 1,..., 1) are all similar. 
Hence 


1— 
EDA.) — ¥ AG. IAG I+N—DOBW)+ 
+A’(i, 1)BG) +4’, DB) = MID|BE), (10) 





A (2,1)=B(2) 





Fic. 2. 
where A(i) is a constant independent of 0, provided that 6 is of one sign. 
Now, by the lemma proved in (i), 
Ai) >0 (l<i<h), 


and further A(¢) > 0 for every vertex D(i) that lies on more than three 
edges of P and for which 1 <i < s when #@>0. Also 


D(i)B(i) = w(i)0+0(82), = pli) >0 (L<i<s;6>0). (11) 
From (9), (10), (11) we obtain for @ small and positive 
L{Q,(0)}—L(Q)— L{P,(6)}-+ LAP) = ¥ i)w(i)0-+0(8). (12) 
A similar expression holds when @ is negative. Also L{Q,(@)}— L(Q) 
is a differentiable function of 6 at 0 = 0. Thus 
L{Q,(9)}— L(Q) = A0+0(6), 
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where A is a fixed constant and @ may be positive or negative. Hence, 
from (12), 
ie L{P(8)}—L(P) = A0—f(0)+0 (6). (13) 


K,6 (@>0), 
7} re = { 1 sit 
where (8) 8 (<0) 


and A,, A, are non-negative constants. 


Now L{P,(0)} > L(P)—n, = = O16). 
Thus Aé > f (9), 
i.e. A-E,>0, 44%, €6 (14) 


Hence K, = K, = A = 0. This implies that P and Q coincide. 

Thus every vertex of P in z(1) lies on exactly three edges and the 
same is true for all the vertices of P. 

It is convenient now to introduce some new notation. We shall use 
D to denote any one of the vertices of P, and we shall denote the three 
faces of P that meet at D by F(1), F(2), F(3). The planes containing 
these faces are denoted by z(1), 7(2), 7(3) respectively. Let the point 
of contact of y with S be M;, and the point of intersection of the 
three planes (7), 7(j), and OM; M; be J,, where i, j, k is a permutation 
of 1, 2, 3. Denote the spherical triangle M, M, .M, by T(D) and its area 
by A(D). Let the angle of 7'(D) at M; be «;. Let the sum of the lengths 


DJ,+-DJ,4+-DJ, be UD), where DJ, is positive if D and M, lie on the | 


same side of the plane OM, M, and otherwise DJ, is negative; there are 
similar sign conventions for DJ, and DJ. 

It will be seen that the spherical triangles 7'(D) for different vertices 
D do not ov an and that their totality covers the surface of S. Further 
> UD) = P), where the sum is over all the vertices D. 


(iii) om is given by the formula 


l(D) __ cos{a, —$A(D)}-+-cos{a,—}A(D)}+-cos{a,—}A(D)} 
fsin}A(D)# ——[sin{a, —$.A( am aD sin{a,—4A(D)}]! 





(15) 


Let 7’(i) denote the plane which is obtained from z(7) by reflection 
in O. Define the following points as intersections of three planes (see 
Fig. 3). ; 


a(1) A 2'(2)N 23), EY = 2'(1) A a(2) 0 2(3), 

m1) N n’(2) N x(3), F’ = n'(1)N 2(2) N w'(3), 

m’(1)N2'(2)N7(3), = G4 = m1) N x(2)N w'(3), 
D' = w'(1)N w'(2)N w'(3). 


3695.2.8 N 


: 


; 


E 
P= 
G= 
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Let the intersection of the lines M,J, and FG be U, and of the lines 
M,J, and E'G be U,. Further let M,J, meet G’F’ in V,. Since 


M, J, = M,J, = tan}Z2M, OM,, M, U, = M,V, = cot} 2M, OM,, 
the width of the parallelogram DE’GF perpendicular to DE’ is equal 
to the width of the parallelogram DE’ F’G’ perpendicular to DE’. Thus 


E 





Mf. 





‘, \ 
\ A 
4 


Fr 






















Fia. 3. 


on the line FG there are two points @” and F” such that the parallelogram 
G’ DE’ F” is congruent to the parallelogram G’ DE’ F’. 

If S is projected from D’ on to 7(3), the frontier of the projected set 
is a parabola A of which M, is the focus and FG, GE’ are two tangents. 
Further a similar projection of S from D’ on to 7(2) leads to a parabola 
A, in 7(2). Now D’ and O both lie on the plane bisecting the angle 
between the planes 7(2) and 7(3); thus A, is congruent to A. Since EH’ F’ 
isa tangent to A,, HE’ F” is a tangent to A. But then, from a well-known 
property of the parabola, M,, G, F”, E’ are four concyclic points. Then 
either EL’ G separates M,from F’ in (3) and 2GM, FE’ = 7»—ZGF’E’' = a, 
or M,, F” lie on the same side of E’G and ZE’F’"G = 2GM, HE’ = ay. 
Similarly 2 DM, E’ = 7m—a. 

Now, in the plane 7(3), J, M, U, is perpendicular to DF and to E’G, 
whilst J, M, U, is perpendicular to DE’ and to FG. Thus the sets of 
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points D, J,, Mz, J, and M,;, U,, G, U, are concyclic. Also, since 
J, M,.M, U, = 1, J, M,.M, U, = 1, 
we have J, M,..M, U, = J, M,.M, U, and J, J, U, U, are concyclic. Hence 
LE’ DM, = 2d, J, M, = 2d, U, U, = 2M, GE’. 
Thus from the triangles DM, E’, GM, E’ we obtain 


ZE'DM, = }(7+0,—a,—a3) = a,—$A(D). 
Similarly 
ZL FDM, = «,—4A(D), ZG’DM, = a,—4A(D). 





Now 
UD) = 1 _ fons 2 FDM,+ cos Z E'DM,+cos 2G’DM,}. (16) 
sin 2 E’DM, 
But J, J 3= tan}2M, OM, 
and cos 2 M, OM, = © F008 ag COS Og 
er SIN a, SIN wg 
Thus 
."- 





SIN a SIN a+ COS ay COS a+ COS a 

= __ CO8(a-+-a%g) + COS a4 

~~ CO8(ag— ag) + COS a4 

aaa COS $(a, + a+ ag)C08 $(a, — a,— ag) 
COS $(a, + a%,—ag)C0s $(— a, + a)— ag) 

__ sin $A sin(a,—4A) 

~~ sin(a3—}A)sin(a,—}A)’ 

where we have written A for A(D). 

Substitution for J, M, in (16) leads to the formula (15). Note that 
there is no ambiguity of sign in taking the square root since J, M, is 
always a positive distance. 

Although we introduced the triangles 7'(D)) as functions of D, it is 
also convenient to adopt the inverse point of view and to regard D as 
obtained from the triangle 7'(D) by forming the point of intersection 
of the three planes tangent to S at the vertices of 7'(D). In this case 
we shall write 7’ for T(D) and D(T) for D, A(T) for A(D), l(7') for UD). 

(iv) If the area of T is fixed, then the value of I(T) is least when T is an 
equilateral triangle. 

Write * =infl(T) (A(T) = A). 

There exists a sequence of triangles 7; such that 
A(T, =A, UT) >, asi>o. La 
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Let the vertices of 7; be M,(i), M,(i), M,(i) and the angle of 7, at the 
vertex M,(i) be «,(i) (j = 1, 2, 3). 
We may suppose, by the Blaschke selection theorem, that the triangles 
T; converge to a set X, and that M,(i) > M, asi— oo. The set X is of 
area A and is bounded by arcs of at most three great circles. Thus it 
is either a spherical triangle or a lune (it cannot be a hemisphere since A 
is the area of a spherical triangle and therefore is less than 27). If X 
were a lune, then at least one of the angles 7M, M,M,, 2M, M, M™,, 
2M, M, M, would be equal to $A: say 2M, M, M, = 4A. Now 
tA < x;(¢), ay (¢)+-a9(t)+-a,(t) = 7+A, a3(t) > $A, 
cos{a,(¢)— }A}-+cos{a,(i)— 4A} 
= 20s }{a,(t)-+a,(t)—A}cos ${a,(i)—a,(t)} > 0. 
Thus 
lim] cos{a,(i)— $A}+ cos{a,(t)—4$A}+ cos{a,(¢)—4A}] > 1 


and lim/(7;) = «. This is not so; thus X is not a lune. 

X is a spherical triangle, and we show next that it is an equilateral 
triangle. X is itself a possible triangle 7’; thus /(7’) has a minimum 
subject to A(7’) = A. Let the angle of X at M; be a¥. Then by the 
method of Lagrangian undetermined multipliers the function 
fm { sin}A \t, 

\sin(a, —4$A )sin(a,— 4A )sin(a3— y4)| * 


x {eos(a, —4A)+cos(a,— $A)-+ cos(ag—4$A)}+-A(a,+a,-+a3—7—A) 





has a minimum at a; = a¥. Thus, differentiating with respect to «,, we 
have 


f _ ys (sin $A)! , 
Oxy {sin(a, — $A )sin(a,—4A )sin(a,—4A )}! 

1 cos(a,—4A) 
2 sin(a,—}A) 


+-cos(a,— $A)-+-cos(a 44) 








x | —sin(a,—4) — {cos(a,—4A)+ 


There is a similar expression for @f/éa, and, when a; = a¥ (i = 1, 2, 3), 
we have éf/éa; = 0 (i = 1, 2, 3). Thus, equating two values of A, and 
writing f} for tA (i = 1, 2, 3), we have 
sin B*-+ 4 cot Bt(cos Bf -+-cos 8} -+-cos B§) 
= sin B}+ } cot B3(cos Bf -+cos B}+-cos B35). 


Hence 


2 sin f* sin P4(sin Bt —sin BS) = sin(Bt—f$)(cos t+ cos B}-+-cos f}). 
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Therefore 
2 sin ff sin BF 2 sin 3(B¥—3) cos $(B¥+ 3) 
= 2sin }(B{—B}) cos }(Bf—3)(cos By +cos Bz +cos B5), 
and this implies that either sin 4(8f—f$) = 0 or 
2 sin By sin Bz cos (Bj +f3) 
os $(B3—B3) 





= cos B*-+ cos B$-+cos B§ 


= 2cos }(Bf+3)cos 4(Bt—fs)-+-cos B35. 
Thus either Bf = BF or 





2.008 $(BT+B3) 5: ae i Bk aoc? x 
cos Bx — sin B¥ sin 8} —cos? 4(8*—B%)} 
B3 cos 4(B*—*) { Bt Be Bt Be 5 
2 cos + , . 
— 2s HEED sin Bt sin B— 1 +-008(8¢—)}] 
__c0s 4(BY+B%) 
= | ~ cos 4( os (BBE «(1 + c08(Bi +B5)}. (17) 
Now at+ad+a} = 7+A and, since the spherical triangle is contained 
in a lune whose angle is af, af > $A; similarly a > $4,a3 > 4A. Thus 
0<fpi<a (§=1,2,3), —}n < 3(BT—B3) < de, 
Bi+Bs = aft+az—A = 2r—a§ < 7. 
It follows that the expression for cos $ on the right-hand side of the 
above equation is negative. 
Thus B$ > 4x, and we have shown that, if Bf 4 fF, then BF > 4a. 
Now of the three angles ff, 83, 83, at most one is greater than 47 since 
the sum of any two of them is less than 7. Suppose then that Bf < 47, 
BS < 4m. Apply the above argument with f} and £3 instead of Bf and 
Bs, and then with ff and £% instead of Bf and B}. We conclude that 
“ pe = pt since Bt <4, pt =f since Bt < 4a. 
Thus finally Bf = BE = f§ and X is equilateral. 
This completes the proof of (iv). 
) If T is the triangle M, M, M, on S and T" is the isosceles triangle 
i : M,, where M, M, = MM, and A(T) = A(T"), and if further the 


base angles of T’ are greater than 4x, then I(T) > 1(T"). (This result is not 
true without the restriction on the base angles of T’.) 





The proof is similar to that of (iv) but is more involved because there 
are now two conditions on the triangles. 

Let 7 be the class of triangles M, M, M, each with an area equal to 
that of 7 and such that ©, lies on the same side of the great circle M, .V, 
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as does M,. By Lexell’s theorem [see (3) 23], the point M, lies on the 
circular arc through M, that terminates at My and M3, the points on 
S diametrically opposite to M, and M,. As M, tends to M4, the triangle 
M, M, M, tends to a lune and the corresponding value of /(7') to infinity 
as in (iv). Thus there is a point M*¥ such that, if 7'* is the triangle 
M7 M, Mg, then 


(7*) = infl(7,), T= MMM, A(T) = A(T). 


Our aim is to show that 7’* is an isosceles triangle with Mf M, = M7 M,, 
i.e. that 7'* is T’ (or the reflection of 7” in the great circle M, M,). 

For the variable triangle M, M, M, denote the angles at M,, M,, M, 
by a4, a, a3 respectively and the particular values of these angles when 
M, = MF by af, af, af. Write A for A(7). 

Consider next the angle «,. As M, tends to either Mj or M3, a, tends 
to 3A and always a, > $A. Thus there is a position of M,, say M9, at 
which «, attains its maximum value af. Denote the corresponding values 
of «, and a3 by a$, af. Then, for appropriate multipliers A, 1, the function 


= { sin(a,—}A)sin $A 
“1 '""sin(a,— 4A )sin(a,— 4A) 
has a stationary value at af, a$, a3. Differentiate successively with 
respect to a, and a3. Then eliminating A/u we obtain 


singAsin(a{j—3A) 5g yyy 0 Aes 
sin(ad —}A)ain(ag—44) °OU(8 4A)—cot(a}—4$A)} = 0. (18) 


— tan? $2 M, OM) + p(a,+a.+a3—7—A) 








Thus a$ = a$ and the maximal value of a, occurs when M, M, M, is 
isosceles. By hypothesis a8 > 47, and thus a? < A. Hence, for any 
triangle M, M, M, of class 7, we have a, < A. 

Write 8; for «,—}A and f* for a¥—}A (i = 1, 2, 3). The function 
(7) is a constant multiple of (cos 8, +cos B,-+-cos £,)/sin 8, and we wish 
to minimize this function with the conditions 


sin 3A sin B, 
sin B, sin By 


Thus, for appropriate multipliers A, 1, the function 


= tan’ }/ M, OM, B,\+B.+B83 = 7—4A4. 


008 PF 008 Bat 008Ps + 18,4 8. +By—2-+44)+ 


sin p, 
sin $A sin B, . 
+ eae _tan?42 M, om, 





has a stationary value at 8; = AF (i = 1, 2, 3). Differentiating succes- 
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sively with respect to B,, B., Bs, we obtain three equations for 1, A, wu 
that are consistent only if 














cos pt cos By | 
— 1—(cos B*¥-+- cos B*-+-cos 2 1 —agpiie | on @ 
a ta B3) sin®p* sin B3 sin BS ; 
—sin p> —sin ff cos Bz 
sin BT sin?83 sin B3 
—sin B§ : we sin Bf cos B$ 
sin pt sin 3 sin®B$ 
i.e. 
1+ cos B*(cos B3+-cos 83) 1 cot Bt | — 0 
. ak 1 — . 
sin PT | 
sin B} 1 —cot Br | 
sin B3 1 —cot f3 | 


Multiply the last column by cos $+-cos B§ and subtract from the first; 
then multiply the first, second, third rows by sinff, sin f}, sin BZ 
respectively. We obtain 


l sin pF cos Bt | = 0, 
1+cos Bz cosB; sin} —cos 8} | 
| 1+cosf¥cosB} sinf} —cosf% | 


i.e. 
sin(83—f3)-+sin By(1+-cos B} cos B3)(cos 83 — cos B3) + 
+cos B*(1-+-cos BS cos BS )(sin B§—sin BZ) = 0, 


i.e. 
sin(83—f3)+(1-+-cos B} cos B§){sin(B}+-B3)—sin(B}+f3)} = 0. (19) 
Now, since a*¥ < A, Bi < 4A. 
Then 2p%+P3+ 83 < 4A+n—}A = 7. 
Thus BY+B3 < m—(BT+ 83). 


If now f3 > f3, then 
0 < BI < B§ < 7—fE 
and so sin(B$—f%) > 0. Also B{+f3 < B*+f$ < 7—(f{+ 3). Hence 
sin(B}+f3)—sin(B}+ 3) > 0, 1+-cos Bf cos B¥ > 0. 

It follows that the expression on the left-hand side of (19) is positive 
if 8} > 83. Similarly it is negative if B[ < B}. Thus (19) implies that 
83 = 83, and this is the required relation. 

The value of /(7') when 7’ is an equilateral triangle of area A is equal to 


3(sin $A)! tan 4(A+-7){sec 3(A+7)}}. (20) 
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This function is of fundamental importance in the sequel, and we denote 
it by g(A). An alternative expression for it is 


g(A) = 3tan}(A+7){4sin? }(A+7)—1}}. (21) 
(vi) g(A) is an increasing function of A (0 << A < 27). There isa 


certain value of A, say A,, such that, for 0 < A < A,, g(A) is concave 
and for A, < A < 2m, g(A) is convex. 


That g(A) is increasing is trivial. The existence of A, is established 
in the Appendix. Numerically A, lies between -54 and -58. 


(vii) There exists a number A, (0 < A, < 2m), such that the function 


A-1q(A) is a decreasing function of A if 0 < A < A, and increasing if 
A,<A< 2n. 


The proof is given in the Appendix. Calculation shows that the 
minimum of A~'g(A) is greater than 1-9, and that A, is approximately 
1-42165. 

We next use these properties of g(A) and (iv) to obtain information 
about the triangles 7'{ D(i)} corresponding to the vertices of the extremal 
polyhedron P. 


(viii) The total sum of the functions I D(i)} for those spherical triangles 
T{D(i)} for which .D(i)} > 2-13A{D(i)} is at most -1525 and the corre- 
sponding sum of the A{D(i)} is at most -015. 

Let 6(K) and ¢(K) denote the total area and the sum of the /{D(7)} for 
those triangles 7T'{D(i)} for which l{D(i)} > KA{D(i)}. Since the total 
length of edges of P is at most 24 and since any triangle 7'{D(j)} satisfies 
UD(j)} > 1-9A{D(j)}, we have 


{4n—0(K)}1-9+4(K) < 24. (22) 
Since ¢(K) > K 6(K), we can deduce from this inequality that 
6(K)(K —1-9) < 24—4n 1-9 < -124. (23) 


For K > 2-13 we have 
O(K) < -54 < A, < Ay. 
Now for each of the triangles 7'{D(i)} that compose 6(K) we have 
KD(i)} > gf A{D(i)}] 
and by (vii), since A{D(i)} < 0(K) < Ag, 
AA{D(i)}] . HO(K)} 





A{D(i)} ~  O(K) © 
Thus in (23) we can replace K by g{6(K)}/6(K) to obtain 
g{(K)}—1-90(K) < +124. (24) 
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Now the function g(A) is concave for A satisfying 0 < A < A,, and 
a direct evaluation shows that the expression on the left-hand side of 
(24) is greater than -124 for 0(K) = -54 and for 6(K) = -015. Hence 
(24) can be correct only if 0(K) < -015. 

Substitution for 6(K) in (22) leads to ¢(K) < -1525. 

(ix) Any triangle T = T{D(i)} with at least one side of angular length 
less than or equal to 11° 30’ satisfies I{D(i)} > 2-13A{D(i)}. 

Direct calculation shows that A-!g(A) > 2-13 if A = -576 or if A = 3. 
Thus, by (vii), A-!g(A) > 2-13 if A < -576 or if A >3. We shall 
suppose that 7'{D(i)} has vertices M, M, Mg, and it is sufficient to con- 
sider the case when the area of M, M, M, lies between -576 and 3. Suppose 
that M, M, is of angular length % and % < 11° 30’. Let M, M, M; = T’ 
be an isosceles triangle on M, M, as base and with area equal to that 
of M, M, M, and let M, M, M3 be an isosceles triangle on M, M, as base 
with both the base angles equal to $7. The area of M, M, M3 is % and 


yb < -576 < area M, M, M3. 


Thus both the base angles of the triangle M, M, M3 are greater than 37. 
Hence, by (v), 1(7') > l(7") and we need only to consider the case when 
T coincides with 7”, i.e. 7’ is isosceles. 

We suppose then that 7’ = M, M,M, is an isosceles triangle with 
M, M, = M,M,,3 > A(T) > -576,2M, OM, = & = 11° 30’. Then write 
_ team 2M, M, M,, Xs => 2M, M, M, = 2M, mM, ys, 

B; = «,—}4 (T) (¢ = I, 2). 
Then 8, +28, = 7—}A(T) sin B, = tant #F inte. (25) 
’ : ' j sin $A , 
Thus, from (15), 
UT) _ {sin}A(T)}4(cosB,+2cosB,) _ sin }A(7’)(cos 8, +2 cos B.) 





A(T) A(T’)(sin B,)* sin B, A(T )tan 4% sin*f, 
Since «a, > $7, we have a, < A(T’) and B, < $A(7). Thus from 
B, +28, = 7—3A(T), 
By > i{7—A(T)}, B, +B, = 7—}$A(T)—f, < 37. 


Hence, since 8B, < B, by (25), it follows that cosf, > sin f, and a fortior: 
cos 8,+2cosf, > sin?B,. Thus 


UT) l 
1 es 
A(T) ~ wtan I 
This implies the required relation. 
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(x) Any triangle T with at least one side of angular length greater than x 
satisfies I(T’) > tan $y. 

Denote the angles of 7 by «,, a, ag and suppose that a, is opposite 
a side of length x, (x, > x). Then [see (iii) equation (16)| 
ene $A)-+cos(a,;—}A)}| 
\ sin(a,—}A) \’ 


where A = A(T). Thus, since }4 < a, $4 < ag, a-+a,;—A <7, 


7’) = tan3y, 








U7’) > tan 4x {os $A)+1+¢08(a,+-23—A)| 





sin(«,— 3A) J 

— tan 4y,{ L+28in FA 008 Hay—ag— ag $)| 

. tan x1) sin(a,—}4) J 
tan $y, > tan }y,, (26) 


~ sin(a,—44A) 
and this is the required result. 


CoroLtuary. If T has a side of angular length greater than 11° 30’ or 
greater than 20°, then I(T’) is greater than -09 or -176 as the case may be. 


(xi) Every triangle T{D(i)} corresponding to a vertex of the extremal 
polyhedron P satisfies {D(i)} < 2-13A{D(i)}. 

There must be some triangles which satisfy this inequality since 

>¥ UD(i)} < 24, > A{D(i)} = 4, 24 < 2x 4n. 
If there were some iden which did not satisfy this inequality, then 
we could divide the class of triangles 7'{D(i)} into two classes: C, con- 
sisting of those triangles which do not satisfy the inequality and C, 
consisting of those which do satisfy the inequality. 

By (ix) every side of every triangle C, has angular length greater 
than 11° 30’. If there are two or more triangles of C,, then there are 
at least two which have a side in common with some triangle of C,, i.e. 
a side of angular length at least 11° 30’. Thus, from the corollary to (x), 

> UKD(i)} > 2x-09 = -18. 


T{D(-)}EC 1 


But this is in contradiction with (viii). Thus C, cannot have more than 
one member. 

Suppose that C, has one member, say 7’. Every side of 7’ has angular 
length greater than 11° 30’. We shall show that this implies that either 
A(T’) > -015 or the largest side of 7' has angular length greater than 20°. 
Let the vertices of 7' be M,, M,, M, and let M, M, be the largest side of 7’. 
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We assume that the angular length of M, M, is less than 20°. We consider 
the class of all the triangles MM, M,, where M is any point such that 
the angular distances MM, and MM, are not less than 11° 30’ and not 
more than M, M,. There is a member of this class which has the least 
area. Denote it by M, M, M$. Then M, M, MZ is a genuine triangle and 
M, M3} = M3 M, = 11° 30’. For, if (say) M, MZ > 11° 30’, we could give 
M% slight variations such that M, M$ remains constant, i.e. we could 
move Mon the small circle y with centre M, and radius M, M3. Now 
the circle M$ M{, M4, where M;, Mj are the reflections of M, and M, in O, 
is either tangential and exterior to y or cuts y. In either case we can 
move M% along y in such a direction that the area of M, M, M7 is reduced. 
This is impossible; thus M, M$ = 11°30’ and similarly M, MZ = 11° 30’. 
Let N be the mid-point of M, M,. Then, if we write c for the angular 
length M, M$ and a for angle M}M,M,, we have by the well-known 
formulae of spherical trigonometry 
area M, M, M = 2area M, NM3Z = 2{a—tan-(cosc tan a)}. 
As « increases, with c kept constant, this last expression increases to a 
maximum at cosctan?a = | and then decreases. Thus the least possible 
value of the area M,M,M3 occurs when either M,M, = 20° or 
M, M, = 11° 30’. Calculation shows that in both of these cases 
area M, M, M$ > -015. 

But now we have a contradiction. If 7’, the one member of C,, has 
its largest side of length less than 20°, then by the above the area of 7’ 
exceeds -015, in contradiction with (viii). On the other hand, if the 
largest side-length of 7’ is not less than 20°, then by the corollary to (x), 


(7) > -155 which is again in contradiction with (viii). Thus in fact C, 
cannot have exactly one member and must be empty. Thus (xi) is 
proved. 


We can now complete the argument and show that P is a cube. By 
(xi) every triangle 7'{D(i)} satisfies 1{D(i)} < 2-13A{D(i)} and hence by 
evaluating g(A) at A = A, it follows that A{D(i)} > A, for every vertex 
D(i) of P. But g(A) is convex for A in the range A, < A < 27 and 
hence, if P has k vertices, 

24 > SUD} > FA AD}] > by] = APO!) — ag 
Calculation shows that this inequality is possible only if k = 8 or k = 9. 
Since three edges of P meet at each vertex and the number of edge-vertex 
incidences is even, it follows that the number of vertices of P is even. 


Thus P cannot have 9 vertices and it accordingly has 8 vertices. But 


) (27) 
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then 89(47) = 24, and thus equality holds throughout (27). Hence each 
T{D(i)} is an equilateral triangle of area $7, and P is a cube. 

Finally we have to show that a cube is the only type of extremal 
polyhedron. An examination of the argument shows that, if there is 
any other type of extremal polyhedron, it arises only because of the 
assumption made in (i): that every face-plane of P touches S. Therefore 
any other extremal polyhedron can be obtained from P by translating 
some of the face-planes of P so that they no longer touch S. But these 
processes obviously do not lead to another extremal polyhedron since 
when applied to a cube they lead to a polyhedron with a larger value of L. 
Thus the cube is the only polyhedron which circumscribes a sphere of 
unit radius and has total edge-length not exceeding 24. 


Appendix 
Proof of (vi). We use the second form for g(A). Then 
g(A) = 3tan{}(A+7)}{4sin? 3(A+7)—1}!. 
Writing x = sin? }(A-+7) and y = 4x—1, we see that 
@d (74) a”. (28) 
dx\dA y3(y—3)? 
Since 0 < A < 27, }(A-+7) lies between 47 and $7. Thus} <x < land 
0 < y <3. The expression on the right-hand side of (28) has a unique 
zero, at say Yo, and is positive if y > yy and negative ify < y,. Rewriting 
the expression y®—3y?+ 27y—9 as (y—1)®+- 24y—8 we see that 
$< Yo <b+ep 54 << A, < °58. 
Proof of (vii). We again use the second form for g(A) so that 
ns 
A A 





{4sin? 3(A +7)—1}}. 
Then 

d ea 

dA\ A 


|= re stn tel asin? Y(A+ m)— 1+ 


Fe 3 tan (A +7){§ sin }(A +7)cos }(A +-7)} 
A{4sin* 3(A+7)—1}! 








1 





[{4 sin? 4(A+7)—1} x 


™ 24%4 sin? }(A +7) — 1}! 
x {A sec? (A+7)—6 tan }(A +7)}+4A sin? }(A+7)] 
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wo ae in? } 
= aati 1(A+7)—l}x 





x ( 4 : 44 
“ \sin? 4(A+-7)cos?}(A+7) sin 4(A+-7)cos }(A+7) + | 
12sin? }(A-+7) 





— - __9 1 
2A*sin? }(A+7){4 sin? §(A +7) — alt! 2 cos $(A-+7)} x 


x {4A —sin }(A+7)}+4A sin? 4(A+7)] 
_ 6sin? }(A+7){1—2 cos }(A+7)} 
A*sin }(A+7){4sin? 4(A-+7)—1}# 
- 4A jAsin}(A+7) _ 
\sind(A+7)  1—2cos}(A+7) 











Write 
14 14 sin }(A+7) 
h(A) = ——_>—___, A)=— : ‘ 
att sin 4(A +7) f(A) 1—2cos }(A+7) 


Then, for 0 < A < 2z, = ee | isa positive multiple of h(A)+/(A)—1. 





Moreover we have 
lim h(A) = 0, lim f(A) = lim 
A>0 A>0 


d {g(A)\ 
qA\ A | 


1A sin }(A+7) 1 


1—cos}A+v3sin}d 2 





Hence is negative when A is small and positive. Also 


lim h(A) = +0, lim f(A) = 0. 


A—27 A-—2n 


d {g(A)) 
dA\ A } 


Thus there are two possibilities. Either (i) — {* | has exactly 





Hence is positive for values of A near to 27. 


one zero A, in 0 < A < 2z7 and is negative for A < A, and positive 


for A > A, or (ii) wter has three or more roots in 0 < A < 27. 
(Multiple roots are counted according to their multiplicity.) 

Case (i) is exactly the situation that we wish to establish. We shall! 
show that case (ii) cannot occur. 

In case (ii) the equation h(A)+-f(A) = 1, 


1 -{ 1 sin}(A+7) )-* 
3 





i.e. 


b 


~ |sin}(A+7) " 1—2cos}(A+7)} 
has three or more roots in 0 < A < 2z, and this means that the second 
derivative of the function on the right-hand side of this equation has a 
zero in 0 < A < 2z. We shall show that this is not so. 








a ct nla 
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Write ¢ for 4(A+7); then 47 < ¢ < wand the function concerned is 
F(¢) = (1—2 cos ¢)sind 


2—2cos¢ — cos*d" 





Differentiate and write x for cos¢. Then 





. 2—62z?+- 523 
PO) = = ae—at” 
7 ees dx sin ¢{8— 16x+- 30x2?— 2273+ 524 


Since jn < ¢ < 2, sind > Oand} >a > -—1. Thus F’(¢) is negative 
and non-zero in 0 < A < 2m. Hence case (ii) above cannot occur, and 
the existence of A, as required has been established. 

Direct substitution shows that h(A)+/f(A)—1 is negative when 
A = 81° 12’ and positive when A = 81°18’. Thus A, lies between 
these limits and 
g(A) _ 3tan }(A,+7)(sin$A,)! _ 3 tan 43° (ee 40° ox) 1-9 


min A ~ A,f{cos }(A,+)}* 1-419 \cos 43° 32’ 
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INEQUALITIES FOR GRAM DETERMINANTS 
By W. N. EVERITT (Shrivenham) 
[Received 19 October 1956] 


1. Tuts note is concerned with some inequalities for Gram determinants 
of L? functions. The author is greatly indebted to the referee for con- 
siderable improvement in the presentation of the results. 


2. The symbols FZ, E’, E,, EZ, will denote measurable linear sets, and 
it will be assumed that all functions considered below are defined and 
L’-integrable on the sets in question.t 

I shall denote by {¢} the system of complex-valued functions 


{$,(2),..., $,(x)}. 


This system is said to be linearly dependent over the set EF if some non- 
trivial linear combination of ¢,,..., ¢,, vanishes p.p. on EZ; in the contrary 
case {¢} is linearly independent over E. Furthermore, ¢, is said to be 
linearly dependent on 4,,..., $,_-, over E if ¢,, is equal p.p. on E to some 
linear combination of ¢4,,..., ¢,-,. We note that, if ZH < H’ and {¢} is 
linearly independent over E, then {¢} is linearly independent over EF’. 


The Gram matrix 
r'(¢; E) = T'(4y,...; Pn; E) 


of {¢} on the set Z is defined as the n x n matrix whose (r,s)th element 


is : 
| $4, de. 
E 


ad 


The Gram determinant 
A(¢; EZ) = A(qy,...,$,3 Z) 
of {4} on £ is defined as det I'(¢; Z). Clearly T'(¢; Z) is the matrix of 


the non-negative hermitian form 


[ |My $i +.--+U,y $n P dx 
E 
in the variables ,..., u,. Hence we have 


A(¢; £Z) > 9, (2.1) 


+ By an obvious change of notation we can extend all our results to functions 
of several variables. 


Quart. J. Math. Oxford (2), 8 (1957), 191-6. 
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and the following statements are plainly equivalent: 
(i) the inequality (2.1) is strict; 
(ii) I'(¢; £) is positive definite; 
(iii) {p} is linearly independent over E. 


Our aim is to establish two inequalities for Gram determinants and 
to investigate the conditions under which these inequalities are strict. 


THEOREM 1. Let E, < EL, and suppose that {¢} is linearly independent 
oo ae A($; By) < A(g; By), (2.2) 
and this inequality is strict if and only if 

at least one 4, does not vanish p.p. on E,—E,. (2.3) 


The relation (2.2) was deduced by Courant and Hilbert [(1) 107] from 
the mini-max principle for characteristic roots of hermitian matrices. 
Here a different derivation will be given. 


THEOREM 2. Let E, < E, and suppose that {4,,...,,} ts linearly inde- 
pendent over E,. Thent 


A(¢y,.--; Pn—-13 E,) = A(4,,.-.; Pn—13 By) (2.4) 
A(b45--5bn3 By) ~  A(Gy-+-5 bn3 Le) 


If $,, is not linearly dependent on 4,,...,,-, over E,— E,, then the inequality 
(2.4) as strict. 





We may note that this sufficient condition for strictness is not neces- 
sary. This is demonstrated by the example 


é(z)=1 (0<a<2), $,(x) = “ (0<2#< 1), 


1 (l<a< 2), 
E, = (0, 1], E, = [0, 2]. 
CoroLLARY. Under the conditions of Theorem 2 we have 


A(¢,,-++) $3 E) > A(4,,..-, $3 Ee) 4 Se 
i...4:0° M,.1a0 8" "> 


This follows at once if we write 


A(4,,---, bp; Ex) —_ i] A(qy,---; $s; Ey) (k = : 2 











A(4;-+-5 ni Ey) A(45-++5 Ps+13 Ex) 
and apply (2.4) to each factor of the product. 


+ The denominators in (2.4) are positive in view of the hypothesis. 
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3. I shall use the symbol ¢ to represent the column vectort 
($,(x), $(X),..., ¢,(x))*. 
If P is ann xn matrix, then ¢ = P¢ is automatically defined by this 


convention. 
Lemma 1. Let P be an nxn matrix with constant elements. Then 


I'(P¢; E) = PT(¢; E) P*, (3.1) 
A(P¢; E) = |\det P|?A(¢; Z). (3.2) 
Writing 4 = Pd we have 
Wit = Page Ps. 


Integrating every element over E we obtain 
(hs; #) = PT(¢; £) P*, 
and the asserted relations follow. 

Lemma 2. Let E, < E, and suppose that {4} is linearly independent over 
E,. Then there exists a non-singular matrix P with constant elements such 
that the system {xb}, defined by = Pd,is orthonormal on E, and orthogonal 
on E,. 

By hypothesis and the equivalence of statements (ii) and (iii) in § 2, 
it follows that both ['(¢; Z,) and ['(¢; E,) are positive definite hermitian 
matrices. Hence there exists a non-singular matrix P (with constant 
elements) such that P I'(¢; £,) P* is the unit matrix while 

PT($; By) P* 
is some diagonal matrix, say diag(,...,u,,). Using (3.1) we therefore 
have, for r, s = 1...., n, 


| bp Wg dx = 8,33 | bP dx = by Ops 
nad Ei: Ez 
4. We next come to the proof of Theorem 1. Suppose, in the first 
place, that (2.3) is not satisfied, i.e. 4,,..., ¢, all vanish p.p. on E,—E£,. 
then i} $,¢,d¢ =90 (r,s = 1...., 2) 
E,~E 
and so I'(¢; #,) = I'(¢; £,). This implies that there is equality in (2.2). 


Next, let (2.3) be satisfied; and let P and % have the same meaning 
as in Lemma 2. Then, by (3.2), we have, for k = 1, 2, 


A($; Ex) = |det P|-? A(y; £,,) 


= |det P| TT ff |v, |? dz. 
= s 


+ Transposes are indicated by a 7’ and transposed conjugates by an asterisk. 
3695,2.8 O 
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Furthermore , = [ leb,|? da < f leb,.|? da. (4.1) 
E: E: 

The inequality in (4.1) is strict for at least one value of r; otherwise 

,-.., w, would all vanish p.p. on E,—£, and this is incompatible with 

(2.3) and the relation ¢ = P-1%. We infer, therefore, that there is strict 

inequality in (2.2). 


5. The next three sections contain the proof of Theorem 2. Since 
{¢,,.--,$, 4} is linearly independent over E,, there exists, by Lemma 2, 
a non-singular (n—1) x (n—1) matrix Q such that the system {y,,..., 4} 
defined by the equation 


(Pas 4na)” = Vb baa)” (5.1) 
is orthogonal over E£, and E,. We put 
n—1 
In = rt S mb, (5.2) 


and seek to determine the constants ,,..., «,_, such that the augmented 
system {y,,...,%,_1,,} is still orthogonal on A, i.e. 
n—1 - 
>, is [ ¥.$,dx = — | o,$,de (r= 1,...,n—1). (5.3) 
a Ei Ei 


But, using (5.1), we have 


Hid, - - + HPnar iO. - + + G1bn-a 
Py =] $y . ’ ° Py ~j $n ~Z $n ~—% $y . . . Pn-1 Pn-1 
Therefore, by the equivalence of (i) and (iii) in § 2, 
et ( | bb, as) = det QA(},,--s $13 Ey) 
Sr,8ssn— z, 
+ 0. 


Thus the equations (5.3) serve to determine uniquely the constants 


Qreeey Aye 


6. Some further notations will now be required. We first observe that 


(fy). Pn)” —_ P(4,,.-.; $n)"; (6.1) 
where P = |’ 4 Gt == (045,000) Xy—s)- 


Put m-* = det P = det Q. 











INEQUALITIES FOR GRAM DETERMINANTS 195 


We write 
¢, = | $y p, dx, : i | tnd, dx (r = 1,...,n—1), 
E2 E.-E, 
d,={ \p,|2dx, 8 = [ |y,/@dx (r=1.,...,n). 
Ez E:.-E 
Since {¢} is linearly independent over £,, it follows that all d, and all 
integrals { |y,|2 dx are positive. Furthermore, since {y,,...,4,} is ortho- 
Ei 
emia C= IY (F = ly 8—1). (6.2) 
Let J be the (possibly empty) subset of {1, 2,...,»—1} such that 5, > 0 
when re J and 5, = 0 otherwise. Let J’ be the set consisting of all 
integers in J together with n. We note that 
vr =0 (r¢J). (6.3) 
The left-hand side and the right-hand side of (2.4) will be denoted by 
Pi» Po respectively: 
7. Using (3.2), (5.1), (6.1), and the orthogonality properties of the ~’s, 


we obtain ( 4 
pi=|[ Maltde} (7.1) 
la, 
A(q,,---> Pp—1; Hq) = m*d,...d,_1, (7.2) 
A(¢d,,...,.¢,;8,)= mid, 0... 0 6, 
Pie io & = 


Bg ae eh a ae ed (7.3) 
oO a « «+ Qe Ge 


Cy Cg + + + Cyy dy 











By (7.3), (6.2), and (6.3), 
o a n—1 he a 
A(b45-++9 ni Be) = mdy..ys(dy— & d-"ly,|?) 


—_ m*dy...dy,-4(dy— > d;*ly,|). 


rey 
‘ -1 
Hence, by (7.2), p, = | lb, |? dx +6) ; (7.4) 
Ey 
where 6 = 8,— > d-"|y,|?. 
rey 
Suppose now that 5, > 0. (7.5) 


If y, = 0 whenever re J, then 6 > 0. If, on the other hand, y, 4 0 for 
some r in J, then, since d, > 5, (r = 1,...,n—1), 
0 > dn— ¥ dF" ly,-|? = I] 8-7 AY, 7 € J’; HH), 
rey 


ret 
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and we again have @ > 0 in view of (2.1). Hence, by (7.1) and (7.4), there 
is strict inequality in (2.4) if (7.5) is satisfied. 

Suppose next that 6, = 0. Then evidently 

Y= Ve = = Y¥n-1 = 0 and so 0 = 0. 
There is therefore equality in (2.4). 

We have thus established (2.4) and have shown that the inequality 
is strict if and only if (7.5) is satisfied.t Now, if ¢,, is not linearly depen- 
dent on 4,,..., d,-, over E,—E,, then it follows by (5.2) that (7.5) is 
satisfied. This completes the proof. 


[Added March 1957]. Since forwarding the manuscript to the 
Journal, the author has observed that the theorems of this note hold 
not only for Gram determinants, but for the determinants of any 
positive definite hermitian matrices. For example, Theorem 1 of this 
note is equivalent to the corollary to Theorem 13.5.4 of An Introduc- 
tion to Linear Algebra by L. Mirsky (Oxford, 1955). In this aspect 
Theorem 2 seems to have escaped previous notice. 

It is straightforward to prove that every positive definite (or semi- 
definite) hermitian matrix is the Gram matrix of some system {¢} over 
any given set E (of positive measure). Thus the restatement of the 
theorems of this note in terms of positive definite hermitian matrices 
would follow at once. 


+ There does not seem to be any simple way of expressing this condition in 
terms of the original system {¢}. 
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ON HAUSDORFF AND QUASI-HAUSDORFF 
METHODS OF SUMMABILITY 


By M. 8. RAMANUJAN (Madras) 
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1. Introduction 


THE present paper is a continuation of the earlier papers by me (16, 17) 
on the summability of sequences or series by Hausdorff and quasi- 
Hausdorff methods. The necessary and sufficient conditions for a 
quasi- Hausdorff matrix to be regular for series-to-series transformations 
have been proved by me in (16) and the inclusion theorems for these 
methods have been proved in (17). The very close relationship between 
the Hausdorff and quasi-Hausdorff methods, pointed out in (16) and 
recently, again, by Kuttner (9) has suggested the investigation of the 
problem of comparing the strengths of the two methods for a class of 
sequences, with suitable restrictions if necessary, and this paper deals 
with the same and also a few other problems associated therewith. 

In § 2 of the paper I prove theorems relating to the regularity and 
absolute regularity of Hausdorff and quasi-Hausdorff matrices for series- 
to-series or sequence-to-sequence transformations and also the equiva- 
lence of the two methods for the class of bounded sequences which are 
Borel summable; § 3 is on the strong regularity [defined by Lorentz (10) | 
of these methods and § 4 is on the method (S*, 1), defined in the paper, 
and its relationship to the Hausdorff and quasi-Hausdorff methods. 


Definations and lemmas 
Let A = (a,,,) (n, k = 0, 1, 2,...) be a matrix which defines a sequence 
{t,} in terms of another sequence {s,} by 


th _ > Ank Sk (1) 
k=0 


Then the matrix A provides a sequence-to-sequence transformation or a 
series-to-sequence transformation or a series-to-series transformation 
according as it converts {s,,} to {t,}, or > s, to {t,}, or } s, to > t,. 
The following definitions in general use for the matrix A of sequence- 
to-sequence transformations can be made applicable, with obvious 
changes, to other kinds of transformations. 
The matrix A is said to be efficient for summing {s,,} to the sum 1 if 
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limt, = 1 (finite), and the usual symbolical statement of this condition 
is A-lims, = 1. A is said to be convergence-preserving or conservative 
if it transforms every convergent sequence {s,,} to a convergent sequence 
{t,}, with limit not necessarily same as that of {s,,}, while A is said to be 
regular if it transforms every convergent {s,} with lims, = / into a 
convergent {t,} with the same limit /. A is said to be absolutely con- 
servative or preserving absolute convergence if > |s,—s,_,| < 00 always 
implies > |t,,—t,,_,| < 00 and the special class of A for which we have 
in addition that lims, = limt, is said to be absolutely regular.t| The 
various types of matrices occurring in this paper, together with their 
specifications, stated within brackets, are: (i) K-matrix (sequence-to- 
sequence conservative), (ii) 7'-matrix (sequence-to-sequence regular), 
(iii) B-matrix (series-to-sequence conservative), (iv) y-matrix (series-to- 
sequence regular), (v) 6-matrix (series-to-series conservative), and 
(vi) w-matrix (series-to-series regular). A special 5-matrix and a special 
a-matrix, in each of which lima, = 0 (k, > 00; n = 0, 1,...) are called 
respectively a ‘5)-matrix’ and an ‘a»-matrix’. 

The various matrices defined above are characterized by the following 
lemmas: 


Lemma |. The matrix A = (a,,;) is a K-matrix if and only if its 
elements satisfy the conditions: 


(i) sup, p 2 Ang] <0; 
(ii) lima, (= 8,) exists for each fixed k; 
nw 
(iii) y, = p Ann > Y a8 N > ©. 
The matrix A is a T-matrix if and only if, in addition, 5, = 0 and y = 1. 


Lemma 2. The matrix G = (g,,,) is a B-matrix if and only if its elements 
satisfy the conditions: 


(i) sup, 2 Ink —In,k +1| < 0; 


(ii) limg,, (= B,) exists for each fixed k. 


The matrix G is a y-matrix if and only if, in additeon, 8, = 


The proof of Lemma 2 has been given by Cooke [(2) 65-67]. 


t+ It may, however, be noted that an absolutely regular matrix need not be 
regular, nor need an absolutely conservative matrix be conservative. 
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Lemma 3. The matrix H = (h,,,) is a 8-matrix or an a-matrix if and 
only if the matrix G = (g,,;,) defined by 
Ink = Nop thyt.thng (2) 
is a B-matrix or a y-matrix, resp<ctively. 
Lemma 3 is due to Vermes (18, 19). 


Lemma 4. The series-to-series transformation defined by the matrix 
H = (h,,,) ts absolutely conservative if and only if 


sup; > Jhng| < 00 (3) 


n 


and it is absolutely regular if and only if in addition 
2 hay, =1. (4) 


Lemna 5. The sequence-to-sequence transformation defined by the matrix 
A = (a,,,) is absolutely conservative if and only if the row sums ¥ ay, 
E 
converge for every n and 
oe) 
> Ink —Jn-1k| < M (k _ 0, 1,...), (5) 


n=1 


where 9% = s a,,, and M is independent of k. It is absolutely regular if 
v=k 
and only if in addition 


lim }a,,=1 and lima,,=0 (k=0,1.,...). 
no k n->o 
Lemmas 4 and 5, of which the latter is essentially due to Mears (13), 
have been proved by Knopp and Lorentz (8). 
Hausdorff and quasi-Hausdorff methods. The matrix A = (H,p,) 
defified by 


dep = (;)a"tn (n>k), AR=O (n<k) (6) 
is said to be a Hausdorff matrix and its transpose A* = (H*, w,,) defined by 
=O (n>h, M=(Haem M<H  m 


is said to be a quasi-Hausdorff matrix. The well-known Cesaro, Holder, 
and Euler transformations are defined by Hausdorff matrices with 
suitable ,, [for details, see Hardy (5), Chapter XT]. 

A sequence {y,,} is said to be totally monotone if 


A’n, >, foralln, p = 0, 1, 2,.... (8) 
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We say that y,, is a moment constant generated by the function x(t), if 


Bn = | t" dx(t), (9) 


0 


where x(t) is a function of bounded variation in (0,1) and without loss 
of generality we may assume that x(0) = 0. If, in addition, we have 


x(+0) = x(0) = 0 and (1) =1 (10) 


(so that x» = 1), then p, is called a regular moment constant. 
With these definitions, Hausdorff (6) has proved the following lemmas: 


Lemma 6. Jn order that a real sequence {u,,} should satisfy the following 
inequality * 
sup, > (;)ia"-*a < 0 (11) 
k 
it is necessary and sufficient that py, be a moment constant. 


Lemma 7. The Hausdorff matrix X = (H, p,,) is a K-matrix if and only 
if 1, is a moment constant and it is a T'-matriz if and only if w,, is a regular 
moment constant. 


The following two lemmas to which I refer in the sequel have been 
proved by me elsewhere [(16), Theorems 1, 2]. 


Lemna 8. Jn order that a real sequence p,, should satisfy the inequality 
B\ as 
sup, 3 n |A "Un +1! < ®, (12) 
k 


it is necessary and sufficient that ,, be a moment constant. 


Lemma 9. The quasi-Hausdorff matrix X* = (H*,u,,) is a 8-matrix if 
and only if u,, is a moment constant and it 1s an a»-matrix if and only if pn, 
is a regular moment constant. 


We have now, from Lemmas 7 and 9, 


Lemma 10. The Hausdorff matrix X = (H,p,,) is a K-matrix or a 
T-matrix if and only if the quasi-Hausdorff matrix »4* = (H*,y,,) is a 
5-matrix or an a -matriz. 


+ I have since heard from Dr. Kuttner that he has given a direct proof of 
Lemma 8, with an appeal to Lemma 6, and that his proof does not depend on 
the theory of moment constants. I am grateful to him for communicating to 
me the results in his paper (9). 
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2. Hausdorff and quasi-Hausdorff methods 
We start with the following theorem of Hardy [(5), Theorem 219]. 


THEeoREM. If p,, is a regular moment constant, corresponding to the 
function x(t), then the conditions 


1 1 
[ B<e, % = 1 (13) 
0 


are necessary and sufficient for A4* = (H*,p,) to be a T-matrix. 


I have pointed out in (17) that it is enough for ,, in the above theorem 
to be a moment constant, the regularity of yu, being superfluous. But 
for A* = (H*,,) to be a K-matrix, it is necessary that 


Pion 
sup, > (;)ae"an < ©. 
k 


Putting uw, = v,.,,.we get from Lemma 8 that it is necessary that py, be 
a moment constant. Thus we have, indeed, the following 


THEOREM 1, The matrix X\* = (H*,p,) is a K-matrix if and only if 
1 


* Idy!| 


(i) », 18 @ moment constant and (ii) | _ < 0. 


0 
Note. The conditions stated are equivalent to the condition that, if 
Vy = My, (n > 1) and vw is arbitrary, then v, is a moment constant. 
Now, for A* = (H*,,) to be a 7'-matrix, we must have, as proved 
1 


by Hardy (5), that | a = 1, which, by a theorem for Steiltjes integrals 


0 1 
[(4) 273, Theorem 14] implies that | Sai also exists, and therefore the 


0 
theorem of Hardy’s stated earlier can be reworded as follows: 


Harpy’s THEOREM. In order that A* = (H*, w,,) may be a T-matria, it 
is necessary and sufficient that 


1 

—. - d 

(i) 2, be a moment constant and (ii) | —- = 1, 
0 


For the Hausdorff transformation, Knopp and Lorentz (8) have 
proved that, if A = (H,,,) defines a conservative or regular sequence- 
to-sequence transformation, then it defines an absolutely conservative 
or absolutely regular sequence-to-sequence transformation. The same 
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result has been proved, independently and almost at the same time, by 
Hilda Morley (15). But it follows easily from Lemma 5 and the result 
of (16) that the converse result is also true, and thus the Hausdorff 
matrix A = (H,,,) defines an absolutely conservative or absolutely 
regular sequence-to-sequence transformation if and only if it defines a 
conservative or regular transformation of the same type. I have extended 
this result, in (17), to the quasi-Hausdorff series-to-series transforma- 
tions. In the light of Theorem 1 and Hardy’s theorem, we prove now 


THEOREM 2. The quasi-Hausdorff matrix \* = (H*,p,,) defines an 
absolutely conservative (or absolutely regular) sequence-to-sequence trans- 
formation if and only if it defines a conservative (or regular) transformation 
of the same type. 


Proof. Taking A* = (H*,,,) we have 
w= () 


n 
We see from the proof of Lemma 9 [(16), Theorem 2] that the series-to- 
series transformation corresponding to the sequence-to-sequence trans- 
formation defined by (H*, ,,) is given by the matrix (H*, u,,_,) and now, 
applying Lemma 4, with H = (H*,,_,), we get that 


Mises 
2 hnx| — z (7) At" 


, KY A 
From Lemma 6, sup, > ( Ae", _,| < a, 
n 


n 


Jat, (k > n), _ == ( (k < n). 


1 
, P ‘ ldy| 
if and only if y,, is a moment constant and | = < ©. 
" 0 
Also, when p,, is a moment constant, 
1 


1 
> har eae > [ (Jaane dx(t) = ( *, 
** 0 


and so we have, from Theorem 1 and Hardy’stheorem, therequired result. 

Next, we shall find the necessary and sufficient conditions that the 
matrix A = (H,,,,) may be a 9-matrix or an «»-matrix. Let A = (H, p,) 
define a series-to-series transformation. Then, in the notations of 
Lemmas 2 and 3, and taking H = A = (H,,,), we have 


Ine = Ane = (;)° (m>k), Iie =0 (n<h), 
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and consequently 


~ m i 
Ink = hop thypt-t+hng — zz (7 )amte 
m=k 


Therefore 


n n 


m ’ m 7 
Ink—In ku = (7 )a" b 2 (7 1)8o tHe 
m=k m=k+1 


— : { M)\ \m-k m m—k a 
~ 4 | k A Pet k+1 A HK 


n 
m . " 
a P 3 ( }tam tpg Amt} 
m=k+1 


k+1 
+ /m+1 ~hng = 
_— m— aii Am-k- Iu 
= (tn) fie 2% (.""1) ” 
n+1 ? 
= Anke). 14 
(1)* te (14) 
Now for (H,,,) to be a 5y-matrix, we must have, by Lemmas 2 and 3, 
(n+ i) . 
sup, ( A"-*u,| < 00. l4a 
Pa > (41)! tae (14a) 
Let, now, Vn = Pn—1 (X > 1) and v be arbitrary. 


Then, by an obvious change of variable, 


> (cr) =S ("rian 


k=1 
” n+1 
1 
But vy = > e Jani, 
k=0 
n+1 
so that A®+1ly9 = vp— > i; Janes —ky,., 
k=1 


whence 


n+1- n+1 
Aw ‘1an-F < Vot2 > ("7 )iantt 
k= 


Thus (14a) holds if and only if 


n+1 


n+1 
sup,, 3 ( k )iant—Hy < 00. 


k=0 
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By Lemma 6, this will hold if and only if v, is a moment constant. If 
this is satisfied, then, writing 


1 
v, = | t” da(é), 
i 


we have, for any fixed k, 


n 1 
m . 
Ink = > (7:)am ve —_ i 
0 


m=k 


m=k 


as n> oo. Thus A is a 59-matrix if and only if v,, is a moment constant 
and an «»-matrix if and only if, in addition, 


2 
da(t) = 1, 
+0 


which, as explained in the note to Theorem 1, gives, at once 
THEOREM 3.+ The matrix A = (H,p,) is a 8o-matrix if and only if 
1 


ldy| 
(i) pw, 18 @ moment constant and (ii) {# < 00, and it is an xp-matrix 
0 


1 


if and only if in addition | * = 1, 
0 

Thus we have from Theorems 1, 3, and Hardy’s theorem a result 
exactly parallel to the one stated in Lemma 10, with the roles of Haus- 
dorff and quasi-Hausdorff matrices interchanged. 

To present a synoptic picture of the summability properties of these 
two methods, I prove also 

THEOREM 4. The Hausdorff matrix X = (H,,) defines an absolutely 
conservative (or absolutely regular) series-to-series transformation if and 
only if it defines a conservative (or regular) transformation of the same type. 

The proof of the theorem is evident from Hardy’s theorem and 
Theorem 1 and Lemma 6 since in the notation of Lemma 4, if we take 
H = d= (H,ny,), then h,, = A,,, given by (6). The result in Theorem 4 
may be placed in the same context as that in Theorem 2. 

We have from Lemma 10 and the theorems proved so far that there 
exists between the (H,y,) and (H*,y,) matrices a remarkably close 
relationship when we consider them as matrices defining summability 
methods. It is natural to examine the efficiency of these methods for 


+ My earlier proof of Theorem 3 was inadequate and the present proof was 
suggested to me by the referee. I am thankful to him for this and various other 
helpful suggestions. 
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summing sequences or series and also to compare the strengths of the 
two methods. These results are proved in the sequel. 

Let us start with a matrix (H, y,,). If this is a 7'-matrix, then we have, 
from Lemma 10, that (H*, y,,) is an ap-matrix and conversely. Also in the 
proof of Lemma 9 in (16), I have proved that (H*, ,,,,) represents that 
7T-matrix corresponding to the a -matrix (H*, ,,). We now investigate 
the summability strengths of these two methods (H, w,,) and (H*, »,,,,). 
In the sequel, whenever we refer to (H*,u,,,) as a 7'-matrix, we, of 
course, take it as the 7'-matrix corresponding to the ap-matrix (H*, y,). 

To start with, we have the following lemma, due to Meyer-Konig 
[(14), Satz 25]. 

Lemma ll. Jf 8s, = O(1), then the methods B, E(p) (0 <p <1), 
T(x) (0 <a < 1), and S(B) (0 < B < 1) are all equivalent. 

Here B denotes the method of Borel’s exponential means, E(p) the 
Euler sequence-to-sequence method, defined by the matrix 


BWVon = (,]A—ppt (WS Bs =0 (m<h. 


The method 7'(«) is the same as the method F(1—«) of Taylor series 
continuation, defined by Vermes (18) and also the ‘circle method’ (y, «) 
of Hardy [(5) 219], while the method S(8), defined by Meyer-Konig (14) 
is given by the matrix 


{Sn = ("7 )O0—Bnee 


which is the same as the method F(1—8) of Laurent series continuation, 
defined by Vermes (18). 

Using Lemma 11, we prove now 

THEOREM 5. Let s, = O(1) and be summable by B (Borel’s exponential 
method) tol. Then every T-matrix (H,u,,) sums {s,} to l if the x-function 
generating the moment constants p,, is continuous at t = 1. 

Proof. Let {t,} denote the transform of the sequence {s,} by the 
(H,,,)-matrix. Then by hypothesis of the regularity of the method 


we have . t, = > =. 


(i) 1—t)"-Htks, dy(t), 
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where x(t) satisfies the conditions 
x(1) = x(1-0) = 1, x(0) = x(+ 0) = 0. 

Denoting the integrand by {£,(t)} we have that {Z,(t)} is the Euler 
transform, of order t, of {s,,}. But, by hypothesis of Borel summability 
of the sequence and by Lemma 11, we have that £,,(t) > 1 as n > o0 for 
every t in 0<t< 1. This along with the continuity of x(t) at t = 0 
and ¢t = 1 and the boundedness of 

 (n\ 
at both these points t = 0 andt = 1, gives that t,, > / and this completes 
the proof of the theorem. 

Theorem 5 gives at once, as a special case, the following result for the 
Cesaro method (C,k) (k > 0) since the function y(t) associated with the 
method (C,k) is given by 

x(t) = 1—(1—-#, 
which obviously satisfies the conditions of Theorem 5. 

THEOREM 6. If s,, = O(1) and is summable to l by Borel’s method, then 
it is summable (C,«) to l for every « > 0. 

Note. The above result is not essentially new, and in fact a more 
general result of the same kind has been proved by Hardy and Littlewood 
[see, for example, Hardy (5) 210, Theorem 147]. 

THEOREM 7. Let s, = O(1) and be Borel summable tol. Then every 
T-matrix (H*,u,,,,) is efficient for {s,} and sums it to | provided that the 
function x(t) generating the moment constants j.,, is continuous at t = 1 also. 

Proof. If {t*} is the transform of {s,} by the (H*, , ,,)-matrix, then 
we have, by virtue of the regularity of the method, that 


1 
k 
So __ f)k—ngn+l1 
— > f (Je t)k-nentts, dy(t) 
k 0 
1 


~1 > ({)a—a-nenty dx(t), 


the inversion of operations involved being justified by the boundedness 
of the sequence and the conditions on x(t). Now the integrand is the nth 
term of the sequence obtained by the 7'(1—t)-transformation of the 
sequence {s,,}, and therefore we prove the theorem, as in Theorem 5, by 
appealing to Lemma 11. 

Now we have immediately from Theorems 5 and 7, the theorem : 
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THEOREM 8. Let {s,,} be a bounded sequence which is Borel summable to 1. 
Then the T-matrices (H, w,,) and (H*, yw, ,,) are both efficient for the sequence 
{s,} and sum tt to l (i.e. they include Borel’s method) provided that the 
function y(t) which generates the moment constants .,, is continuous att = 1 
also. 

Remarks on Theorem 8. It may be observed that we have assumed 
(i) that the sequence {s,,} is bounded and Borel summable and (ii) that 
the regular transformations (H, w,) and (H*, w,,,,) satisfy the additional 
hypothesis that the function y(t) which generates the moment constants 
,, is continuous to the left att = 1, That the condition (ii) above is also 
necessary for the validity of the theorems will be subsequently proved 
[see p. 210]. Now, it is natural to inquire whether the result will not 
be true for all sequences, i.e. without any restriction on them, and also 
whether the methods are not totally equivalent} for bounded sequences. 
I shall prove here that the methods are not necessarily totally equivalent 
for bounded sequences. 

We have from Theorem 5.4.1 in Cooke [(2) 105] that for the methods 
(H, u,,) and (H*, p,,,,) to be totally equivalent for bounded sequences it 
is necessary and sufficient that 


| . 
> (;)a"tn— (7) Mane >0, asn>o. (15) 
a \\k n | 
Taking the methods to be positive, we have that (15) reduces to 
n 2, " 00 k 
= (;) "tet tn Pe +1) + 3 (;)ai tn a 2(Ho—Pn+1)> 
k=0 k=n+1 


which cannot tend to zero unless pu, > 1 since py = |. 

Also that the methods are not equivalent for all sequences (without 
any festriction on them) is proved, by an example, by Kuttner. I am 
very grateful to Dr. Kuttner for this information. 

Theorem 8 enables us to make the following remark on the Borel 
property of summability methods (H,,,). Hill (7) defines the notion 
of ‘Borel property of summability methods’ in the following way. The 
summability method A is said to ‘have the Borel property’ if it sums 
almost all sequences of 0’s and 1’s to }. With this definition he proves 
that a regular Hausdorff method (H,,) has the Borel property if and 
only if the function y(t) associated with it is continuous at t = 1 also. 

+ Two summability methods A and B, transforming a sequence {s,} into {t,} 
and {t;} respectively, are said to be totally equivalent if {t, —t,} always converges 
to zero, irrespective of the convergence of {t,} and {t,}. For further details on 
this, see Cooke (2). 
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A different proof of the same theorem was given also by Lorentz (12) 
at about the same time. 

But it is known that the method of Borel’s exponential means has the 
Borel property; also the sequences involved in discussing the Borel 
property are all bounded. Therefore it is evident that the sufficiency 
part of the Hill—Lorentz theorem is an immediate corollary of Theorem 8 
above. The proof of the necessity, as provided by them, ‘is simple. 


3. Strong regularity 

It will be convenient to start with the following definitions and known 
lemmas. 

Following Lorentz (10), we say that a bounded sequence {s,,} is almost 
convergent and write S = lims, if every Banach limit? of the sequence 
is S. 

A method of summability which sums all almost convergent sequences 
is said to be strongly regular. 

The class U is defined as the entirety of the 7'-matrices A = (a,,,) for 
which max;|d,,;,|>0 asn—> oo. (16) 

With these definitions, Lorentz (10, 11) has proved the following 
results. 

Lemma 12.t In order that the regular matrix method A = (a,,) (i.e. the 
T-matrix A) may be strongly regular, it is necessary and sufficient that 


2 Qnk—On,br1| >0 asn—> oo. (17) 


An immediate consequence of Lemma 12 and the definition of the 
class WU is that the class YU includes the class of strongly regular matrices, 
i.e. every strongly regular matrix is necessarily included in Y. 

Lemma 13. The T-matrix A belongs to the class U if and only if there 
exists a summability function of the first kind§ for the method. 

Lemna 14. A regular Hausdorff method (H, p,,) is strongly regular if it 
belongs to the class U. For this the necessary and sufficient condition is that 


Hd,» >90 asn—>o, (18) 


or, equivalently, that x(1) = x(1—0). 


+ For the definition of Banach limits, see Banach [(1) 33]. 

t This condition has been proved by Cooke (3) to be necessary and sufficient 
for the 7'-matrix A to be ‘absolutely regular (in his sense) for bounded sequences’, 
It is to be noted that Cooke [(2), chap. V or (3)] gives the term ‘absolutely 
regular’ a meaning completely different from that of the present paper. 

§ For the definition of ‘summability functions of the first kind’, see Lorentz 


(11). 
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But, since, as stated earlier, the class & includes the class of strongly 
regular methods, the above lemma in fact proves that the condition (18) 
above is necessary and sufficient for (H,y,,) to be strongly regular or, 
equivalently, included in Y. 

From Lemma 14 we now pass on to determine the necessary and 
sufficient conditions for the strong regularity of the 7'-matrix (H*, y,,,,) 
and also for the same to belong to Y. 

It has been proved by Lorentz (10) that every almost-convergent 
sequence (which is necessarily bounded also) is summable by the Euler’s 
method H(p) for 0 < p < land therefore certainly summable by Borel’s 
method, by Lemma 11. Thus, if we know that the 7'-matrix (H*, y,,,,) 
is such that the function y(t) associated with it is continuous at t = 1, 
then, by Theorem 7, every almost-convergent sequence is summable 
(H*, u,,,,), i.e. the matrix (H*, u,,,,) is strongly regular if y(1) = (1—0). 

That the condition is also necessary follows from Lemma 12 since, in 
case A* = (H*, w,.,) is strongly regular, then yp, > 0 because 


Pensa = Xin = D Ane—Atesa)—lim Ane << D |Ane—At esa! — lim Anz, 
lim M.. = 0 
ko 
for each » since the matrix A* in question is, by hypothesis, a 7'-matrix. 
Thus we have proved the following theorem: 
THEOREM 9. The quasi-Hausdorff T-matrix (H*,u,,,,) 1s strongly 
regular if and only if jt, >0 a8n->0, 


or, equivalently, the function x(t) associated with the method is continuous 
att = 1. 
Usirig Theorem 9 we prove 


THEOREM 10. The quasi-Hausdorff T-matrix (H*, u,,,,) belongs to the 
class U under the same conditions as in Theorem 9. 
Proof. We have that, if 
A* = (A*, bys), 


then Ae, < max|A%,.|, 
k 


and therefore Ax, = pu,,,, > 0 wheneverA* = (H*,y,,,) c U. Also, when 
Lt, > 0, we have by the previous theorem that (H*,,,,) is strongly 
regular and therefore necessarily belongs to Y. 

We are now in a position to prove the following theorem, which is the 


analogue of Lorentz’s theorem for Hausdorff methods [(11) Theorem 9]. 
3695.2.8 P 
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THEOREM 11. A quasi-Hausdorff T-matrix (H*, u,,,,) cannot be a gap 
method and, if it is strongly regular, then all the functions Q(n) = o(Vn) 
are summability functions of the first kind for the method (H*, w,,,,). 


The proof of the first part of the theorem can be obtained by a straight- 
forward adaptation of Lorentz’s arguments in his theorem referred to 
above. 

The second part follows from Theorems 8 and 10 and the result, due 
to Lorentz (11), that any function Q(n) = o(vn) is a summability 
function of the first kind for the Borel method. 

It may, however, be observed that Theorems 9, 10, and the second 
part of Theorem 11 can also be proved directly, without reference to 
Theorem 8 and Lorentz’s theorems, by proving first that the method 
T(x) defined earlier is strongly regular and also beiongs to the class U 
and that Q(n) = o(vn) are summability functions of the first kind for 
the method. But we choose the present approach to impress the close 
connexion between the Hausdorff and quasi-Hausdorff methods and 
also for the sake of brevity. 

In the light of the results proved in this section, we are in a position 
to make the following remarks. 

Further remarks on Theorem 8. In Theorem 8 it is also possible to prove 
that the continuity of y(¢) at t = 1 is necessary for the truth of the 
theorem, for, if the function is not continuous at ¢ = 1, then we have, 
in virtue of Theorem 9 and that of Lorentz (11), quoted here as Lemma 14, 
that the methods (H*,,,,) and (H,,,) are not strongly regular and 
therefore there exist almost-convergent sequences (which are necessarily 
bounded) not summable by the methods (H*,y,,,) and (H,y,). But 
every almost-convergent sequence is Borel summable. Thus we shall 
have that, if the continuity condition is not satisfied, then there exist 
bounded Borel summable sequences which are not summable by the 
methods (H*, ,,,,) or (H, »,,). Thus we have also that the conditions are 
necessary. 


4. The (S*, «) method 

In this section we define a class of methods and study briefly their 
relationship to the Hausdorff and quasi-Hausdorff methods. 

The matrix S* = (S*,) is defined as 


= ("7 ates (n, k = 0, 1, 2,...). (19) 


+ For definition, see Lorentz [(11) Theorem 8]. 
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We shall find the necessary and sufficient conditions that S* may be 
a K-matrix or a 7’-matrix. 


THEOREM 12. The matrix S* = (S*,u) is a K-matriz if and only if uy 
is a moment constant; it is a T-matrix if and only if 


(i) p, ts @ moment constant, 
1 
(ii) [ dx() = 1, 
+0 
(iii) the function x(t) generating the {y,,} is continuous at t = 1. 
Proof. In order that S* may be a K-matrix, we should have 


@ 


sup, > |ste| = sup, bs ("7 iste 11] <0. (20) 
s=8 &\ * 
But S ot [AF nial = S 1d [AY "pn +1], 
k=0 \° k | = k’=n+k=n n} 


and it therefore follows from Lemma 8 that, in order that (20) should 
hold, it is necessary and sufficient that y,, be a moment constant. Also, 
when p,, is a moment constant, 

1 1 


00 “ k ‘ 
Se= > [TP Jar axtn = fax 


c=0 5 . 
k=09 


. 
+ 


Further, lim s*,, = 8,, 


n->2 
which, as in the proof of Lemma 6, exists for each k and is in fact zero 
when k > 1. Thus we have the first part of the theorem. 

For the proof of the second part, we have only to prove the necessity 
of condition (iii). Now, when k = 0, 

lim s*,, = lim py, 41 

no no 
and thus the above limit is zero if and only if x(¢) is continuous at ¢ = 1, 
as proved by Lorentz [(10) Theorem 13]. 

Note 1. The method S(«) of Meyer-Kénig (14), called also the ‘method 
F(a)’ of Laurent-series continuation by Vermes (18), is a special case of 
the (S*,) method, with »,, = (l1—«)”. Consequently, we have that the 
function x(t) is defined by 


_ {9 (0<t< 1—a), 


x) = ll—a (l—« <#< 1), 


which satisfies the conditions of the above theorem, and therefore the 
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method is regular if and only if 0 < a < 1, as proved by Meyer-Konig 
(14) and Vermes (18). 

Note 2. Now, from Lemma 12, the 7'’-method (S*, 1) is strongly regular 
if and only if 


. k k+1 
("3 Jatin ee Janes 
k=0 





>0O asn-—>o, 





i.e. if and only if 
=~ Par nf 
Sloan (EF]ae nia 20 anne 
k=n! a ed | 


But, if »,, is a moment constant, then the above equation is true if and 
only if ,, > 0, by virtue of Theorem 9. Thus we have that, if the method 
(S*,) is regular, then it must necessarily be strongly regular. 

Finally, by appealing to Lemma 11 asin the proof of Theorems 5 and 7, 
we can prove the following theorem: 


THEOREM 13. Jf s,, = O(1) and is summable by Borel’s method to l, then 
the T'-method (S*,u) is efficient for {s,} and includes the Borel method. 


For we have 


X in-tk T fnaa 2 [nth 
Stir fleS tea 
iV £¢g 


k=0 * 
= f fr S (aro) ax 
+0 a 


since the expression inside the brackets {} vanishes when t = 0. The 
inversion in the order of integration and the limit N > o is easily 
justifiable, and therefore we have the theorem, arguing as in the proofs 
of Theorems 5 and 7. 

Thus we see that, whenever the function y(t) associated with the moment 
constants .,, is continuous at t = 1, then the T-methods (H, ,,), (H*, tn+1); 
and (S*,) all include Borel’s method for bounded sequences. 


In conclusion I have great pleasure in thanking Professor C. T. Raja- 
gopal and Professor V. Ganapathy Iyer for their help and guidance in 
the preparation of this paper. I am greatly indebted to Dr. B. Kuttner 
for his scrutiny of my manuscript and for his very valuable suggestions 
on various points. 
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ON QUARTIC FIELDS OF SIGNATURE ONE 
WITH SMALL DISCRIMINANT 


By H. J. GODWIN (Swansea) 


[Received 29 November 1956] 


1. IN two recent papers (2), (3), I have developed and applied a method 
for the enumeration of all the algebraic fields of given degree and signa- 
ture which have no subfields and have discriminants numerically less 
than some given bound. In the present paper this method is applied 
to the remaining case of quartic fields—those with signature one. For 
the sake of completeness a table of the fields with subfields is also 
included, so that all quartic fields with discriminant A satisfying 
—3280 < A < 0 are enumerated. We thus have an extension of the 
table given for —848 < A < 0 by Delone and Faddeev (1). 
2. The basis of the method is the following theorem. 


THEOREM. Let K be a quartic field with no subfield having signature one 

and discriminant A. Then there is at least one polynomial 
f(x) = x*—az5+bx?—cx+d 
with zeros x, B, y+18 (a, B, y, 8 real) for which 
S = (a—B)?+(y—a)?+(y—B)?-+-08? < (—30A/2)# (o > 0) 

such that K is generated by one of the zeros of f(x). 

The proof of this theorem is the same as that of the theorem in (3), 
except that the matrix 

4 +\. 3 3 
T= (Aye gp) Perle by (fey sytgen 

3. Since we are concerned ultimately with the field generated by a 
zero of f(x), we may add any rational integer on to the zeros of f(x), or 
subtract them from any rational integer, or permute them. We may 
therefore suppose whenever necessary that 

O<a<l, a<P, atp< 2%, 
and this gives 
4ab—a—8¢ = (2y—a—B){(a—B)?+-43%} > 0. (1) 

Since equality in any one of these would mean that f(x) was reducible 
in a field of degree less than four, we may suppose that we have strict 
inequality. 


Quart. 4. Math. Oxford (2), 8 (1957), 214-22 
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4. The choice of a numerical value for o will be discussed in § 5. In 
this section we establish some properties of S which are independent 
of a particular choice of o. S satisfies a sextic equation with coefficients 
which are polynomials in a, 6, c, d and is best dealt with indirectly: 
this is in contrast to the situation obtaining in the other types of quartic 
field, for in totally real fields the expression analogous to S is a simple 
function of a and 6, while in totally complex fields the analogous expres- 
sion satisfies a cubic equation which can be fairly easily used to obtain 
bounds on a, b, c, d. 

I state as lemmas some properties of S which will be used later. 


Lemoa 1. Fora, b, c given, S, regarded as a function of d, is monotonic 
on either side of a single minimum, and its value at this minimum is 
113(o-+2){(o+6)(4ab—a3— 8c) /(o+2)}#+- (6—o)(3a2—8b)]. 


Proof. There may, or may not, be values of d for which f(x) has four 
real zeros: suppose first that there are not. Then f() has just two real 
zeros for d < dy and none for dy < d. Now 


$ = —4o(3a*—8b)-+4(o+-4)(Ja—a—B)*+- (0+ 6)(a—f), 


Ox 1 1 


ad f'(x) ~— (B—a)f(a—y)?+ 8%” 





1 1 
ad f'(B) — (a—BY{(B—y)? +83)" 





Hence 
: oS 
{( 1— y+ 37}{(B—y)?-+84} 


- 


= io+2)(2y—a—B)*—}(0 + 6)(a—B)*— (0+ 6)5* 
= }(o+2)(2y—a—B)*—}(o-+ 6)(4ab—a®— 8¢)/(2y—a—B). 
Now u = 2y—a—Ff satisfies the equation 
u®— (3a2—8b)ut+ (3a4— 16a% + 1662+ 16ac—64d)u2— 
| —(4ab—a®—8c)? = 0. 


An increase in d increases 2y—a—f and so, if @S/éd is positive for some 
value of d, it is positive for all larger values, while, if it is negative for 
some d, it is negative for all smaller values. Thus S varies monotonically 
on either side of a minimum value as stated. 
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At this minimum we have 
—(o+6)3?—}(o+6)(a—B)?+}(0+2)(2y—a—f)? = 0, 
08+ 3(a—B)?+4(2y—a—B)? = 8, 
— 852+ 2(a—B)?+ (2y—a—B)* = 3a?—8b. 
Solving for 5*, («—£)?, (2y—a—f)? and substituting in 
¢ = 2aBy+(a+f)(y?+8?) 

= $5*{a—(2y—a—B)}—4(a—B)*(a+ 2y—a—B) + fga{a?—(2y—a—B)?}, 

we obtain 
C = fya*—fea(3a*—8b)—}(o+2)(2y—a—B)*/(o+8), 
whence the stated result follows. 

The minimum may be unattained since the value obtained for 5? may 
be negative. 

If f(x) does have four real zeros for certain values of d, then an ambi- 
guity in the definition of S is introduced. If f(x) has two real zeros for 
d, <d < d, (region I) and d < d, (region Ii) and four real zeros for 
d, < d < d, (region II), then the real zeros in (I) correspond to the two 
least zeros in (II), but the real zeros in (III) correspond to the least and 
greatest zeros in (II). Thus in going from region I to region III we must 
at some stage change the expression used for S. We can agree to use 
the same definition S, of S in regions I and II and change to the other 
definition S,;;; when d = d, and f(x) has zeros a», Bo, Bo, So- 

Then, for,d = d,, 

Sin— Sy = {(a9—Bo)? + (a—5o)?+ (89—Bo)} — 
—{(a%—Bo)?+ (%»—4(Bo+So))? + (Bo—4(Bo+So))?—40(Bo—5o)*} 
= 3(80—Bo)? + 3(Bo—So)(2%9—$Bo— 350) + 20(Bo—So)* 
> 4(59—Bo)(659—28y—4a9) > 9. 
Also, at d = dy, @S),;,;/éd has the sign of 
}(o-+-2)(2B)—a9—8y)?—}(o+6)(8g—a9)? 
< }(0+2)(89—a9)?—}(o+6)(59—a9)? < 0 


since 28, > ag+5o, 59 > Bo. 
Thus no further minimum is introduced by the change of definition 
of S, and this completes the proof of the lemma. 


Lemma 2. S > S* = —}o(3a?—8b)+3(0+4)(f4a—a—B)*. Fora, b 
fixed, S* is an increasing function of d and a decreasing function of c. 
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Proof. S—S* = }(0+ 6)(a—8)?. 
dus op SsiéSRB 








Also, since — =, i 
dc f"(«) 6c f'(B) 
ia @ &+-y?—oB 
we have ag (e+ B) = {ona — a ee 
a 0 -_ B+a—2y 
_— alt a hy FBP} 
Lemma 3. S > 3(B—a)*. Also fora, b, B fixed, Sis a decreasing function 
of «. 
Proof. S—3(B—a)*? = 3(2y—a—B)?+08?. 
Since 


S = —}o(3a*—8b)+4(0+4)(4a—a—B)?+}(0+6)(a—B)?, 


we have as 


_ = —(o+4)(4a—a—f)+4(0+6)(a—Bf) 


= —(0+4)(y—B)—(e+5)(B—a«) < 0 
Lemma 4. a < 4+,/(148/3). 


Proof. For given S, a will be greatest when a is as large as possible 
and 6 = 0. We thus have to maximize a = 1+8-+-2y subject to 


S$ = (B—1)*+(y—1)*-+(y—B)? 
(the bound for a being unattained since « < 1). By elementary calculus 
we find that the maximum occurs for 

B—1 = &y—1) = (168/42), 
and this gives a = 4+./(148/3). 

5. We now discuss the choice of a numerical value for c. In applying 
the method we choose A, such that we wish to find all fields with dis- 
criminant not less than A,: having chosen A, the value S, = (—3oA,/2)* 
is obtained from the theorem in § 2, and we consider all polynomials 
with S < &). These polynomials will have discriminants greater than 
or equal to A,. The criterion which we employ in choosing ¢ is that |A,| 
should be as small as possible: we may hope that this will maximize the 
proportion of polynomials considered for which the zeros yield fields 
with discriminants not less than Ay, but in view of the imprecise rela- 
tionship between the discriminants of a polynomial and of the fields 
generated by its zeros, this can be no more than a vague hope. 
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To find A, we maximize 
V(—A) = 2(B—a){(y—a)?+8?}{(y—B)? +8735 
subject to Sy = (B—a)?+(y—a)?+(y—B)?+ 082. 
To simplify the working we may take y = 0 and then, using the 
method of Lagrange’s multipliers, we consider 
2(B—a)(a*-+8%)(B*-+82)3—A{S,— (B—a)*—a?— p?—08%} 
and have 
(a? -+-6°)(B?-+-8?)5 + 4ar( - a)(B?-+-8*)5+ 2A(2a—B) = 0, ( 
(a? + 52)(624398-+48(8—a)(a2+848-+2N—a+28) = 0, (3) 
ae a2+f2)+o28%41 205 = 0. (4) 
Adding (2) and (3) we have 
(-+B){45(B—a)(aB-+82)-+20} = 0. (5) 
Suppose first that 
d= —23(B—a)(aB-+8?). 
Then from (4) and (2), since we can exclude the possibilities 5 = 0 or 
B = a, we have 
§4(5— 20) +8?(3a?2— 2o0aB8+ 38?)-+- 078? = 0, (6) 
$4—82(a2—4a8-+ B2)—(4a2—9a0B-+48?)aB = 0. (7) 
If 8 = 0, then 8?(5—2c)+3a? = 0 and also 5? = a?, whence o = 4; 
if « = 0, then also 8 = 0 since a < B < 2y—a, but we have excluded 


° If sali of « or 8 is 0, we put 

=toB,  of24+fat=u (8) 
and write (6) as (5—20)t?+t(3u—20)+1 = 0, 
and (7) as t?—t(u—4)—(4u—9) = 0. 


Eliminating t we have 
{—12u?+ (28+ 80)u—(180+4)}{ —(8—20)u-+(20—60)} 
= {—4(5—20)u+44—180}2, 


(u—2){(8—20)u2—(40?— 280+ 56)u-+ (90?— 520+84)} = 0. (9) 
The root wu = 2 corresponds to 8 = a and is to be disregarded. Then 
(9) gives real roots for wu only if 
(o—2)°(20—7) > 0, 


i.e. ifo < 2orjco. 
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If, in (5), «+8 = 0, then (2) gives 


— 28(a?+-8*)(5a?+8?)+ 6Aa = 0, (10) 
and (4) gives —4a(a?-+-8?)(a?+ 582)-+ 2Aod = 0, (11) 
whence od*+ «287(5¢—30)—6a4 = 0. (12) 


For given o we may now solve for wu from (9), then for B/« from (8), and 
then for a/5, 8/5 from (6) or (7), or else for «?/5? from (12). Having 
«/5, 8/8 we can find A, in terms of Ao. 

For example, if o = 4, then (9) gives w = §, whence 8 = 3a (we have 
a < B < —a when y = 0). 

Then (6) gives a? = 467, so that, taking « = —26, B = —6, we have 

J(—A) = 208%, — S) = 1082, 
whence a(—A) = 83/50. 
Again (12) gives a? = 48?, so that 

a = —d/Vv3, B = 8/v3 
and (—A) = 648/9v3, Sy) = 682, 
whence (—A) = 883/243V3 < S3/50. 
For o = 4 we have also the possibility « = —4, 8 = 0 giving 
(—A) = 488, Sy = 682, 

whence (—A) = 83/54 < 83/50. 
Thus —A, = S$/2500 = 9A2?/625 since —A, = S}/6. 

Calculation of A, for other values of o shows that ,/(—A,)/(—Ag) has 
least value 0-118... for o approximately 4-6. Since it is convenient to 


take o to be an integer and since 0-12 is very little larger than 0-118, I 
shall take o = 4 in the remainder of the work. 


6. In this section we discuss bounds for a, b, c,d. All these are positive 
in virtue of the assumptions in § 3, and an upper bound for a was given 
in Lemma 4. For 6 we have 


Lemma 5. (i) ga?—}S <b, 
(ii) 6 < 48+ha%, 
(iii) b < 4S+(29a2+80a—160)/104 for4 <a. 
Proof. (i) Since 5? > 0, we have 
S > («—B)?+(y—a)?+(y—B)? 
= 2(Ja—a—f)?-+ H(a—B)* > 2(a—a—B)*. 
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Also . 
S > (a—B)?+(y—«)?+(y—B)?— 68% = 3(3a*—8b)—(a—a—B)?. 


Thus we have 


3(3a2—8b)—S < (4a—a—f)* < 3S, 
whence the result follows. . 
(ii) S = —}(3a*—8b)+4(a—a—B)?+§(a—f)® > —4(3a?—86), 
whence the result follows. 
(iii) S = —}(3a®—8b)-+a*—4a(a+f)+4(a+f)?—10a8. 
For all «+f we have a8 < }(a+ 8)? while, if 2 << a+, we have 
aB <(a+B—1) sincea <1. 
Hence, if «+8 < 2, then 
S > —}(3a®—8b)+4(Ja—a—B)* > —}(3a*—8b)-+4(4a—2)*. 
If «+f > 2, then 
S > —}(3a*—8b) +a?—4a(a+f)+1%(a-+)*—10(a+B—1) 
and, for variation in «+f, this has minimum value 
—}(3a2—8b)+a2+ 10—(4a-+ 10)?/26 
given by a+B = (4a+10)/13 (> 2). 


Since 





4(4a—2)?—{a?+ 10—(4a+ 10)?/26} = 8(a—4)?/13 > 0, 
then we certainly have that 
S > —}(3a2—8b)+a2+ 10—(4a-+ 10)?/26, 
whence the result follows. 

Bounds on c follow from (1) and Lemma 1. 

Bounds on d are not given explicitly but follow implicitly from 
Lemma 1 when we specify an upper bound for S. Lemmas 2 and 3 
help to estimate S easily, and Lemma | shows that the appropriate 
values of d lie in just one interval. Nevertheless the actual determination 
of the values of d for given a, b, c is largely a matter of trial and error. 


7. When a, b, c, d have been tabulated the processes of determining 
the discriminants of the fields generated and investigating the equiva- 
lence of fields with the same discriminant follow as in (2) and (3). It is 
to be noted that, if a polynomial with discriminant A gives a field with 
discriminant A/k*?, then we may suppose that S < (—6A/k?)* (since 
otherwise there will be some other polynomial for which this is true and 
the zeros of which generate the field) and we have from §5 that 
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—A < §%/2500. Hence S* < 6S*/2500k?, i.e. k? < 0-00248%, which gives 
a useful bound for k. 
By taking S = 27 we obtain all fields with discriminants not less than 
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= —3280-5. The fields are generated by the zeros @ of f(x), where 


a, b, c, d are as given in Table 1: in every case except one 1, 0, 67, @ 
provide a basis for the field, the exception being the field with discrimi- 
nant —2787, for which 1, 0, 67, 4(@°+-6) provide a basis. 


—751 

— 848 

—976 
— 1099 
—1]07 
— 1192 
— 1255 
— 1328 
— 1371 
— 1399 
— 1423 
— 1424 
— 1456 
— 1472 
— 1588 
— 1732 
—1791 
— 1823 


CrATSCW HMOs KP ATATAABGDWASUAFA1F +1400 B 
— 
— 


c ad 
5 1 

6 1 

9 1 

7 } 

18 5 
6 1 

ll 3 
+ ae 
26 «9 
16 5 
21 7 
as 3 
10 2 
8 1 

2 

7 1 

ll 2 
22 «7 
34 15 
22 5 
14 3 
. a 

28 2 
1 


16 


TABLE 1 
A ab eed 
—1856 10 35 46 11 
—1879 11 43 66 28 
—1927 9 28 31 4 
—1931 8 24 29 ll 
—1963 7 20 26 11 
—1968 6 14 10 2 
—1984 6 14 12 2 
—2051 9 29 37 15 
—2068 9 28 33 11 
—2092 9 27 29 8 
—2096 8 22 22 6 
—21146 5 10 9 1 
—2151 8 23 25 4 
—21838 6 15 15 4 
—2191 5 12 13 4 
—2219 5 12 14 5 
—2243 9 28 32 5 
—2284 9 26 24 2 
—2319 9 28 33 12 
—2327 8 23 27 8 
—2412 9 29 39 16 
—24438 8 24 29 9 
—2480 8 24 30 10 
—2488 9 31 46 22 
—2563 6 16 19 7 


a »b 

—2608 8 22 
— 2619 9 27 
—2687 ll 42 
—2696 7 18 
—2736 6 14 
—2763 5 ll 
764 7 & 
—2767 7 18 
— 2787 5 15 
—2816 12 50 
—2824 7 17 
—2843 5 Ill 
—2859 9 29 
—2911 8 25 
—2943 7 18 
— 3052 7; = 
—3119 3 9 
—3163 10 34 
—3175 8 23 
— 3188 7 #19 
—3216 10 35 
—3223 9 29 
—3267 5 12 
—3271 4 9 


— 


— 


wo 
wm KH DO DR Oe KK OR De WP ODD 


a 


— bo 


Iuinclude also a table of the fields with discriminants not less than 
—3280 possessing a subfield; these are of the form K(vu) and are 
obtained in the way outlined in (2) and (3). It will be seen that the 
discriminants — 1472 and —1984 appear in both tables. 


— 275 
— 400 
— 448 
—475 
— 507 
— 1024 
— 1156 
— 1323 


bp 
—4$(1+3v5) 
4(1+-v5) 
—1+2v2 
—1—2v5 
—}(1+~v13) 
— (14545) 
1+~v2 
4+~v17 
4(3+~21) 


TABLE 2 
A mm A 

—1375 5+4v5 — 2000 
—1472 —3—4wv2 — 2048 
—1475 4(3+7V5) —2312 
— 1600 1+5 — 2375 
—1728 3+42v3 —2475 
—1775 —3—4v5 —2704 
—1792 1+2v2 — 3008 
—1975 —}(17+11v5) —3275 
—1984 1+4+4v2 


B 
v5 
v2 
4(3+ 17) 
—}(5+945) 
4(3+ 9v5) 
4(3+-V13) 
—5+6v2 
—4(9+11v5) 
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In Delone and Faddeev’s table (1), 400 is misprinted as 430, and there 
are three minus signs omitted from the table of coefficients. The 
coefficients of the polynomials for A = —491, —775, and —848 should 
be (1, 2, 2, —3, —1), (1, 1, 0, 3, —1), and (1, 0, —1, 2, 1) respectively. 
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1. Introduction 

THE special functions of mathematical physics nearly all satisfy certain 
ordinary linear differential equations of the second order and can con- 
veniently be classified according to the number and nature of the singu- 
larities of these equations. This classification can be done in several ways, 
for example those given by Ince (1) and Moon and Spencer (4), but for a 
qualitative assessment of their complexity these functions seem best 
classified by considering the number of regular singularities in the general 
equation from which their individual equations can be derived by 
particularization or by confluence. Thus the simplest are those functions 
which are of hypergeometric type: that is, those whose equations possess 
three regular singularities or are derivable by confluence from such an 
equation; these include Legendre and Bessel functions. The next level 
of complexity is represented by those functions whose equations are 
similarly derivable from the Heun equation—that is, the equation with 
four regular singularities. The next level still, which has been very little 
explored, is that of functions whose equations are to be derived only 
from a general equation with five regular singularities; it is to this type 
that ellipsoidal wave functions belong, for their differential equation 
has three regular singularities and one irregular singularity. 

It is, of course, well known that all functions of hypergeometric type 
can be expressed as simple definite integrals involving only elementary 
functions. No such representations have yet been found for functions 
of Heun type and the conjecture that none such exist (apparently first 
made by Whittaker as long ago as 1914) now seems well tested. Instead, 
these functions all satisfy linear homogeneous integral equations: that 
is, relations of the form 


fe) =A f K@,z)fe’) a, (1) 


where the nucleus K(z,z’) involves only elementary functions and is 
(normally) symmetrical in z, 2’. Such equations for the general Heun 
function were given by Lambe and Ward (3), and those for particular 


Quart. J. Math. Oxford (2), 8 (1957), 223-35. 
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functions of this type (Mathieu functions, Lamé functions, spheroidal 
wave functions) are well known and can be found in the appropriate 


parts of (6). 


For ellipsoidal wave functions, however, no such simple integral 
equations have yet been given, and it seems probable that none such 
exist, at least with a symmetric nucleus. The known integral equations 
satisfied by these functions are of two different types, both involving 
double integrals: Méglich (5) considered equations in two variables of 


the form 


flo) f(B) =A | [ K(~,B, a’, B’)f(a’)f(B") da’dp, 


where K is an elementary function, symmetrical in a, , «’, 8’, while 
Malurkar (2) dealt with non-homogeneous equations of the form 


fla) =| { K(a,B,y)f(B)f(y) aBdy, 


where K is symmetrical in a, 8, y. In this paper I extend the results 
of each of these authors and show the relations between them. 
Notation. By an ellipsoidal wave function is meant a solution of the 


differential equation 


d*?w 


—— — (a+bk? sn2z+ qk‘ sn‘z)w = 0, 


dz? 


possessing the property of being uniform and doubly-periodic in z, with 
periods 2K or 4K, 2i:K’ or 41K’. It has been proved by the author in 
some unpublished work that such functions exist for all values of g and 
suitably chosen values of a and b (depending on q), and that they are 
in one-to-one correspondence with the Lamé polynomials, to which in 
fact they reduce when g = 0. They fall into eight types, according to 
their properties of periodicity and parity; I use the general symbol el(z) 
to denote any ellipsoidal wave function, and distinguish the eight types 
by prefixing one or more of the letters u, s, c, d to this, as shown in 


Classification of ellipsoidal wave functions 


Table I. 
) TABLE I 
| 
Type Parity Periods 
u el(z) even 2K, 21K’ 
8 el(z) odd 4K, 2iK’ 
c el(z) even 4K, 4iK’ 
del(z) even 2K, 41K’ 


The significance of the letters uw, s, c, d is that each ellipsoidal wave 


ee 


sc el(z) 
sd el(z) 
cd el(z) 
scd el(z) 


Parity 


odd 
odd 
even 
odd 





(2) 


(3) 


Periods 
2K, 41K’ 
4K, 4iK’ 
4K, 2iK’ 
2K, 21K’ 
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function can be expressed in the form sn"zcn*zdn‘z F(sn2z), where 
r, 8, = 0 or 1 and F(sn?z) is an integral function of sn?z. The prefix 
letters thus denote those functions—unity, sn z, enz, dnz—which occur 
outside F(sn*z), and which characterize the properties: thus a function 
of type sd el(z) has the same parity and periods as the function snzdnz. 

Individual functions of the various types are indicated by adding 
upper and lower suffix numbers: for instance wu el?(z). The rules for these 
are immaterial here and are given by the author in (7). 

In this paper, the functions will be normalized by the stipulation that 
the constant factor implicit in the definition shall be so chosen that 


( | (sn2a—sn?8)fel(a)}*{el(B)}? dadB = ie, (4) 


where here and throughout this paper f dadB denotes integration 
Ss 


over the ranges « = —2K to a = 2K, B = K—2iK’' to B = K+2iK’, 
the paths of integration being straight lines; « denotes + 1, according as 
cn z is or is not a factor of the function concerned: that is, +1 for functions 
of types cel, scel, cdel, scd el, and —1 for the others. 

It is convenient to denote the product el(a)el(8), where the ‘el’ denote 
precisely the same function, by the single symbol elp(«,8). Where 
desirable, we prefix the same letters to this as to the el: thus 


uel(a)wel(B) = welp(a, B), ete. 


Before going further, some transformations which will be needed later 


may conveniently be given here. 
‘Ellipsoidal coordinates’ «, 8, y are related to Cartesian by the equations 


x = klsnasnBsny, y = —kk’leonacnBeny, 


z = tk’ ldnadnfBdny, 


ad 


(5) 


where the elliptic functions are constructed to modulus k, and / is a 
constant. If the variations in a, 8, y are 


« from —K+iK’ to K+iK’, £8 from K—iK’' to K+1K’, 
y from —K to K, 


(6) 


then it can be verified that one set of values of a, B, y corresponds to 
one point (x,y,z) and conversely. 
In this coordinate system, the ‘wave equation’ 
V*V+p?V = 0 


3695 .2.8 Q 
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becomes 
~ (sn?8—sn*y) @?V /éa? = k4l*p?(sn?8B—sn*y)(sn*y—sn*a)(sn¢a—sn?8)V. 
0, B,Y 

(7) 


Frequently used, also, is the coordinate system (which has no com- 
monly accepted name but which might suitably be called ‘ellipsoidal- 
polar’): 

xz=klisnacosé, y=iklenasin@ésing, z= ildnasin@cos¢, (8) 
obtainable from (5) by setting 

cosé=ksnfsny, sin@singd = ikk’-!cenBeny, 
sin@cos¢? = k’-!dnBdny, (8a) 
in which the variation of « is now from iK’ to K+iK’, @ from 0 to z 
and ¢ from 0 to 27, as in the ordinary spherical polar coordinates. 
2. Integral equations of Méglich’s typet 

The theorem which is the basis of Méglich’s investigations is the 
following. 

(i) Let ff da'dB’ denote integration over the ranges «’ from —2K to 
Ss 


2K, B’ from K—2iK’' to K+ 21K’; 
(ii) let F(a, B,«’, B’) be a function satisfying the equation 
Dyp(F) = DygP), (9) 
where D, 2 represents the operator 
(sn?a—sn?8)-1(é?/@a?—6?/6B?) —qk*(sn?a+sn’8), 
and also satisfying the conditions 
(a) F is symmetrical in a, B, «’, B’; 
(b) F, together with its first two partial derivatives, is bounded and 
continuous in the range S; 
(c) F is doubly-periodic in each variable, its properties of parity and 
periodicity being the same as the ellipsoidal wave function el(z). 
Then elp(a, 8) satisfies the integral equation 
elp(«, B) = di | | (sn2a’—sn28’) F(a, 8, «’, B’)elp(«’, B’) da’dp’. (10) 
S 
(The advantage of writing Ai instead of the usual A is that under the 
normalization (4), with q positive, A is real.) 


+ Moglich’s work—the relevant portions of (5) are §§ 4 and 8—is expressed in 
ellipsoidal-polar coordinates similar to (8 a). Here his results have been tran- 
scribed into ellipsoidal coordinates. 
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The full proof of this (in a quite different notation) is to be found in 
(5); in outline it is as follows. 
From the definition of el(z) and elp(a, 8) it follows that, if W = elp(a, B), 


then 
2? W /00?— 0? W /ep?—k?(sn*a—sn?8){b+-qk?(sn2a-+-sn28)}W = 0: 
that is, D,g W = (sn*a—sn*8)(D,g—bk?)W = 0. 
Now let 


Gia.) = ff (onta’—sn¥f") F(a, B, a B')$(a',B’) da'dp 
S . 
where ¢ is (so far) arbitrary. Then using condition (ii) above we find 


that 
(sn2xa—sn®8)~1 D, o(@) = L—I, + | F(a, B, «’, B’)Dy- gp) da’ df’, 
S 


K+2iK’ : 
where = | [$@F/ea’—Fagjoo' PX _,,. dp’ 
K —2iK’ 
2K LY oie 
and l= | [$ oF op’ —F 26 /ep Ip vig. da. 
—2K 


Then, if ¢(a’, 8’) is specified as elp(a’,B’), we have Dy p(?) = 0, so 
that D,,(G) = 0 also since, by the periodic properties of ¢ and F, 
I, = I, = 0 as well. Thus G(a, 8) satisfies the same partial differential 
equation as elp(«, 8); the conditions imposed on F ensure that it has the 
same periodic properties as elp(a,8) and from these facts it can be 
shown that it is none other than a constant multiple of elp(a, 8). Thus 
the theorem is established. 

In particular cases the ranges of integration can be reduced; all that 
is ne@essary is the vanishing of J, and /,, and this can be secured by 
taking the integration over the smallest periods of elp(q’, 6’). 

The search for possible nuclei F(a, 8, «’, 8’) thus resolves itself into 
finding suitable solutions of the equation D,.(F) = Dyg(F), where 
D, 2 is given by (9). 

As possible nuclei, Méglich obtained the following four solutions of (9): 

F, = exp{ihk’-*(dnadnBdna’ dnp’—k* enacnBena’enp’)}, (11a) 

F, = expfhk*k’—(en acn Bena’ enf’—k’snasnBsna’snp’)}, (11b) 

F, = exp{ihk’-1(dn adn dn a’ dn f’+-ik*k’ snasnfsna’snf’)}, (11¢) 


F, = snasnfsna’' snp’ Ff, (11d) 


where & denotes vq. 
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The first three he obtains as particular cases of the general result that 
exp(ihR) satisfies (9), where 


R = asnasnfsna’snf’+benacenBena’ enf’+cdnadnfdna’' dnf’, 
(12) 
provided that a, b, c are such that 
a*—k’4h?+-k® = 0, a*— k*k’4c? + kt = 0. (13) 
The proof of this is lengthy but not difficult and can be condensed. It 
is easily found that, if F = e*, then 
FD, (fF) = (sn?a—sn*B)—[th(6* R/éa2—e? R/2p*) — 
—q{(2R/éx)?—(@R/0B)*}|—gk4(sn?2a-+-sn?8). 
This reduces to 
FD, (F) = 2k*ih R—q{k? R?—a?* sn?’ sn?p’ + 
+ k’*b? cn?a’ cn®p’ — k*k’*c? dn*a’ dn?6’ +-k4(sn2a-+-sn?8)}. 
FD, (Ff) is a similar expression with a, 8 and a’, f’ interchanged; 
if F satisfies (9), these two expressions must be identical, from which 


the equations (13) follow without difficulty. 
The particular nuclei F,, F,, F, of (11) are given in turn by putting 


a=0, b=—R, c=k’-; (14a) 
a=ik?, b=-ikk’-, c=0; (14b) 
a=ik8, b=0, c=k- (140) 


Méglich was, apparently, concerned only with developing at least one 
integral equation which would be satisfied by ellipsoidal wave-function 
products of each of the eight types. (The above three nuclei provide 
equations for all types except scdelp; it was to fill this gap that he 
obtained F,). Nor was he concerned that each of the above nuclei is 
satisfied by functions of more than one type because of the different 
periodicity of the two parts of each nucleus. Here, however, we are 
concerned with a more systematic development of the possible nuclei, 
and it is convenient to form, from F,, F,, F;, other nuclei which provide 
equations satisfied only by functions of one type. 

We observe that in (14) any of the signs could be changed in a, b, c 
and still satisfy (13); by taking sums and differences of the results, we 
can obtain other solutions of (9). Thus, for instance, from the two nuclei 


exp{ihk’-*(dn adnB dna’ dn f’+k* cnacnBena’ cn f’} 











to 
bo 
- 
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we construct the four further nuclei 


z (hk’-? dn «dn B dn a’ dn B’) om (hk?k’-* cn «cn B en ao’ en f’). 


Sl 


Cc 
Ss 


Four further nuclei can similarly be constructed from each of F, and F,. 

The type of ellipsoidal wave function to be associated with each of the 
nuclei can be found by considering parity and periodicity since these 
must be the same for the nucleus as for the function. Carrying out this 
process, we find the following nuclei F(a, 8, «’, 8’) for the equation (10); 
for brevity I write S for snasnfsn.o’ sn f’, etc. 


Functions of type uelp. 


cos(hk’-? D)cos(hk§k’-2C), (15a) 
cosh(hk?k’-1C)cosh(hk?8), (15b) 
cos(hk’-1D)cosh(hk' 8). (15c) 
Type selp.  cosh(hk?k’-1C)sinh(hk®S), (15d) 
cos(hk’-1D)sinh(hk38). (15e) 
Type celp. cos(hk’-2D)sin(hk®k’-2C), (15f) 
sinh(hk?k’-!C)cosh(hk?8). (15g) 
Type delp. sin(hk’-2D)cos(hk*k’-2C), (15h) 
sin(hk’-1D)cosh(hk* 8). (15i) 
Type scelp. sinh(hk?k’-1C)sinh(hk?8). (15j) 
Type sd elp. sin(hk’-1D)sinh(hk' 8). (15k) 
Type chelp. sin(hk’-2D)sin(hk*k’-*C). (151) 


We have thus nuclei for functions of each type except scd elp. For these 
we are led (as was Méglich) to seek a nucleus of the form Ue*"*, but before 
doing so it is interesting to inquire whether it is possible to find further 


nuclei of the form e*”#, 
This can conveniently be discussed by going over to polar coordinates 
as in (8a), with « instead of y: that is, 


cosd = ksnasnp, cos 6’ = ksna'snf’, (16) 
and so forth, whereby (9) becomes 
6? F /00?+- cot 0 dF /00-+ cosec*6 6? F/0¢?+-q(cos*0-+ k’? sin?6 cos*¢) F 
= (the same expression with 0’, ¢’ for 6,4). (17) 
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If we set F = e**® in this, it becomes 
ih| 6? R/26?+-cot 6 é R/20+-cosec?6 6? R/ég?|— 
—q| (2.R/20)?+ cosec*6(0.R/ép)*— cos*6 — k’? sin?6 cos¢ | 
= (the same expression with 0’, ¢’ for 6,4). (18a) 
Let us write this more briefly as 
thD,(R)—qD,(R) = thD,(R)—qD(R). (18b) 
Now, if Y(@,¢) is any spherical surface harmonic of degree n, we have 
e*Y /00?+-cot 6 dY /20+ cosec?6 6?Y /0¢?+-n(n+1)¥Y = 0, 
and consequently, if we take R = Y(6,¢)Y(@’,¢’), or any linear combi- 


nation of such expressions, then D,(R) = D}(R). Further nuclei of the 
form e‘*” will therefore be provided by 
R= DVARYUG.P)¥n(6',¢’) 
nun m 
if the A” are so chosen that D,(R) = Dj(R): that is, 
(é.R/06)?+ cosec*6(2 R/dd)?— cos?6— k’? sin?6 cos*d 
= (éR/00’)* + cosec?6’(é R/ég’)*— cos*0’ —k’? sin*0’ cos*d’. (19) 

It is clear that the single surface harmonic of degree zero, namely 1, 
does not satisfy (19). Combinations of the three surface harmonics of 
degree 1, namely cos 6, sin @ sin ¢, sin @ cos ¢, provide in effect the nuclei 
F,, Fy, Fy given in (11), the values of a, b, c necessary to satisfy (19) being 
precisely those determined by (13). It might be expected that one could 
form a linear combination of the five surface harmonics of degree 2 in 
such a way as to satisfy (19), but on investigation this does not appear 
to be the case, nor is it possible to form a suitable linear combination 
of the nine harmonics of degrees 0, 1, and 2. Consideration of the 
higher harmonics becomes very complicated, and I have not gone into 
them. 

An interesting generalization of the nuclei F,, Ff, F; has been given 
by Méglich in (5) § 13; it is obtained by taking (12) with 

a= +i sny, b = +k’ cny, c= +k’ dny, 

where y is arbitrary. By suitable combination of the + signs, we obtain 
eight further nuclei each of which is associated with one type of ellip- 
soidal wave function: 


cosh (hk2 sn y 8) °° (hkk’-#eny C)° (hk'-*dnyD), —_—(20) 
‘ sinh sin sin 


where S = snasnfsna’snf’, etc., as before. 
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We turn now to the question of finding nuclei of the form Ue'#, 

where F is itself a nucleus. With little difficulty it is found that a 
necessary and sufficient condition is that 


' 2U &U Rieu oR eUeR 
ent 2Q)-1 esi bate 
aad a ee ope + on \@a @a eB 73} | 
= (the same expression with a’, 8’ fora, 8), (21a) 
which, in the 6, ¢ notation, becomes 


: nl + cot 0 + cosec?@~ 7a? o +0 2ihR RS 3 Ps s 
= (the same expression with 0’, ¢’ for 6,4). (21b) 

Clearly, then, we may take U as any expression Y(0,¢)Y(6’,¢’), or a 
linear combination of such expressions, if it can be made to satisfy the 





+ cosec”é 


condition 
Ui 
6 


SD 
& 


oR ,,0U aR aU aR aU eR 
6 - ule capitan 29 
gt ORC ab Ob 00" 00" 








@ 
Q| 


Taking 
R = Acos@cos0@’+ Bsin@sin @’ sind sin ¢’+ C sin 6 sin 0’ cos¢ cos ¢’, 
we easily verify that we can have 
U = cos@cos@&’ (provided that A = 0), 
U = sin@sin@’sin¢sin¢g’ (provided that B = 0), 
U = sin@sin@’ cos¢cos¢’ (provided that C = 0). 


These, when we revert to the «, B, «’, 8’, lead to the further nuclei 


snasnfsna’ snp’ F,, (23 a) 
dn adn dna’ dn’ F,, (23 b) 
enaen Bena’ en fp’ F;, (23) 


where F,, F,, F; have the meanings given in (11). As has been mentioned, 
the first of these was given by Méglich, who obtained it by a different 
process [(5), § 8.] 

Consequently, from the twelve nuclei in (15) we obtain another twelve 
by multiplying each by that factor C, D, or S which does not occur 
already. These are allocated to the various types of function in the 
same way, and we thus have the further nuclei of equation (10). 


Type selp. S cos(hk’-2D)cos(hk®k’~*C). (24a) 
Type celp. C cos(hk’-1D)cosh(hk* 8). (24b) 
Type éelp. D cosh(hk?k’-1C )cosh(hk? 8). (24c) 
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Type scelp. S cos(hk’-*D)sin(hk?k’-2C), (24d) 
C cos(hk’-1D)sinh(hk* 8). (24e) 
Type sd elp. S sin(hk’-2D)cos(hk*k’-2C), (24f) 
D cosh(hk?k’-1C)sinh(hk?8). (24g) 
Type cdelp. D sinh(hk?k’-1C)cosh(hk?8), (24h) 
C sin(hk’-1D)cosh(hk* 8). ; (24i) 
Type scd elp. S sin(hk’-2D)sin(hk?k’-2C), (24j) 
Dsinh(hk?k’-1C)sinh(hk?S), (24k) 
C sin(hk’-1D)sinh(hk? 8). (241) 


The formulae (15) and (24) thus provide in all three nuclei for each 
type of ellipsoidal wave function, for the general integral equation (10). 

There does not seem, however, to be any simple way of writing down 
further nuclei for this equation: that is, solutions of (9). This is in 
contrast to the integral equations of Malurkar’s type for which a large 
number of nuclei can easily be obtained. 


3. Integral equations of Malurkar’s type 

The integral equations for ellipsoidal wave functions given by Malurkar 
are of a different type from those of Méglich, and, while particular cases 
of the former can be deduced from particular cases of the latter, it does 
not seem true to say that Malurkar’s equations are a transformation of 
Méglich’s. The theorem leading to Malurkar’s equations is 


(i) Let ff dBdy denote integration over the ranges B = —2K to 2K, 
S 


y = K—2K’' to K+20K’; 
(ii) let f(x, B, y) be a function satisfying the equation 
(sn?8—sn?*y) é?f/da? = —qk*sn?8—sn*y)(sn*y—sn?a)(sn2a—sn?8) 
- Y ba Y 
wii (25) 
and also the conditions 
(a) f is symmetrical in a, B, y; 
(6) f, together with its first two partial derivatives, is bounded and 
continuous in the range S; 
(c) f is doubly-periodic in each variable, its properties of periodicity 
and parity being the same as the ellipsoidal wave function el(z). 


Then el(z) satisfies the integral equation 


el(a) = Ai | { (sn?8—sn*y) f(a, B, y) elp(, y) dBdy. (26) 
S 


———— 
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It may be noted that, since the equation is not homogeneous, the value 
of A is not independent of the normalization. Here we shall normalize 
by equation (4). 

The proof of this is given in full by Malurkar [(2), part III (a)], and 
follows the usual lines of differentiation under the integral sign with 
respect to a, followed by partial integration with respect to B and y. 

The importance of Malurkar’s equations is that, when (25) is com- 
pared with (7), they are found to be identical except for adjustment of 


the constants; thus (25) is simply the wave equation V?f = —p?f under 
the transformation ; 
px = ik*hsnasnBsny, py = —ik*k’"henaenBeny, 
pz = —hk’dnadnfdny, (27) 


where h = vq as before. Consequently any beunded, continuously 
differentiable solution of the wave equation, when expressed in terms 
of «, B, y, will yield a nucleus f(a, 8, y) of the equation (26). Now we have 
the simple solutions of V?f = —p?f, 
etpr, e'Py, etP2, 
yerPe zetPr xetPy, zetPy xeiP2, yerP?, 
yze'PZ, xze'PY, aye'P?, 

The same expressions with —p written for p will also be solutions, and, 
by forming the sums and differences, e.g. e?*-+-e-'?*, we obtain a total 
of twenty-four simple nuclei of (26) which we allocate to the different 
types of ellipsoidal wave function by considering parity and periodicity 
as before. These nuclei are as follows; for brevity I write S, C, D for 
snasnfsny, cnacnBeny, dnadnfdny, respectively. 


Type uel. Type sel. 
cosh hk?8, (28a) sinh hk?S, (28d) 
cosh hk?k’-!C, (28 b) S cosh hk?k’-1C, (28 e) 
cos hk’-1D. (28 c) S coshk’-1D. (28f) 
Type cel. Type del. 
sinh hk?k’-1C, (28g) sin hk’-1D, (28 j) 
C cosh hk?8, (28h) D cosh hk? 8S, (28k) 
C coshk’-1D. (28i) D cosh hk?k’-1C. (281) 
Type scel. Type sdel. 
C sinh hk?8, (28m) Dsinh hk?S, (28 p) 
S sinh hk?k’-!C, (28n) S sin hk’-1D, « (28q) 


SC coshk’-1D. (280) SD cosh hk?k’-1C. # (28r) 
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Type cdel. Type scd el. 
Dsinh hk*k’-!C, (28s) CDsinh hk*8, (28 v) 
C sin hk’-1D, (28t) SD sinh hk*k’-1C, (28 w) 
CD cosh hk?8S. (28 u) SC sin hk’-1D. (28 x) 


Of these, types (a), (d), (g), (j), (m), (q), (8), (x) only were given by 
Malurkar, who apparently overlooked the general nature of equation (25) 
since he states that these eight are the only forms of nuclei. Obviously, 
by taking other solutions of the wave equation, we can obtain many 
other nuclei in addition to those above. 


4. Relations between the two sets of equations 

These two sets of equations do not seem to be derivable, in their 
entirety, the one from the other. However, some of the simpler equations 
of Malurkar’s type are easily derived from the corresponding equations 
of Méglich’s type. For example, if we take equation (9) with nucleus 
(15a) and set 8B = K+-iK’, then 

dnB=0, cnB = —ik’k-, 

and it becomes 

uel(x)uel(K+iK’) 


=X [ [ (sn*a’—sn?f’ jcosh(hk?k’-1 cn «en «’ cn B’ welp(a’, 8’) da’dp’, 
s 
which is the equation (26) with nucleus (28b) when we write f, y for 
a’, 8’ and adjust the characteristic constant. Similarly, by giving to B 
the values 0, K, or K+iK’, we can derive one or more equations of 
Malurkar’s type from one or more of Méglich’s type. The correspondence 
is set out in the following table. 


TABLE IT 
Correspondence between nuclei of equations (9) and (26) 


(The first column shows the nucleus or nuclei of Méglich’s type (15) or (24), the 
second column the nucleus or nuclei of Malurkar’s type (28) which can be derived 
from the former.) 


(15 a) (28 b, e) (24a) (28e,f) (24g)  (28p) 
(15 b) (28 a, b) (24b) (28h, i) (24h) (28s) 
(15 ¢) (28 a, c) (24ce) (28k, 1) (24 i) (28 t) 
(15 d, e) (28 d) (24d) (28 n) 
(15 f, g) (28 g) (24e) (28 m) 
(15h,i)  (28j) (24f)  (28q) 
- Thus all the nuclei (28) except (0), (r), (u), (v), (w), (x), correspond to 


nuclei (15) or (24): that is, with the exception of those of (28) with more 
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than one of the factors S, C, D before the trigonometric or hyperbolic 
term. It is noteworthy that none of the nuclei for functions of the type 
scd el are thus connected; this suggests that the derivation of equations 
of Malurkar’s type from equations of Méglich’s type can be effected only 
in simple cases. 


5. Determination of the value of A 

The problem of finding the eigenvalues of the parameter A can be 
approached in two ways. Malurkar [(2) 67-68] has shown how a series 
can be obtained for A in ascending powers of q, valid when q is sufficiently 
small, by assuming such a series and also a similar series for the ellip- 
soidal wave functions themselves: that is, the normal ‘perturbation’ 
type of solution. For general values of q, it is possible to find expressions 
for A in terms of particular values of the eigenfunctions concerned, but 
this depends on the expansion of both the nucleus and the elp-function 
as series of Lamé polynomial products. This involves considerable 
preliminary work, of importance for its own sake, and will be treated 
by the author in a subsequent paper. 
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ON THE CONVERGENCE OF EIGENFUNCTION 
EXPANSIONS (II) 


By E. C. TITCHMARSH (Ozford) 
[Received 16 January 1957] 


1. ConsipER the eigenfunction problem arising from the differential 


equation d24 
“f+ A—ga)}p=0 (0<2 <a) (1.1) 
dx* 

with the boundary condition 


(0)cos a+¢'(0)sin « = 0. (1.2) 

If q(x) > coasa — oo, there are discrete eigenvalues A,, with corresponding 
eigenfunctions y,,(x). Let f(t) be a given function of L7(0, 00) and let 

Cn = | f(b, (0) at. 

) 

The eigenfunction expansion of f(x) is then 

f(x) = ra Cy, (2). (1.3) 

n= 

In my previous paper (2) I proved the following theorem: Let q(x) be 
twice differentiable, q’(x) > 0, q"(x) > 0, q"(x) < {q'(x)}” for sufficiently 
large values of x, where 11 < y < 4. Let f(t) be L?(0, 00) and, in the neigh- 
bourhood oft = x, let f(t) satisfy any condition which is sufficient for the 
convergence of an ordinary Fourier series. Then (1.3) holds in the sense 
of ordinary convergence. 

The conditions on g(x) were assumed so that certain theorems on the 
distribution of the eigenvalues proved in my book Eigenfunction Expan- 
sions under these conditions could be applied. Subsequent research has 
shown such conditions to be unnecessary. In particular it has been 
proved by Hartman (1) that, if N(A) is the number of eigenvalues not 
exceeding A, then the formula 


p 
va =! | {A—q(x)}# dx +0(1), (1.4) 
m 0 
where qg(p) = A, is true for any function g(x) which is continuous, in- 
creasing, and convex downwards. 
I shall now show that the convergence theorem is true under the same 
conditions. It therefore now stands as follows. 
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Let q(x) be continuous, increasing, and convex downwards. Let f(t) be 
L*(0, 00) and, in the neighbourhood of t = x > 0, let f(t) satisfy any con- 
dition which is sufficient for the convergence of an ordinary Fourier series. 
Then (1.3) holds in the sense of ordinary convergence. 

In the following analysis we suppose also that ¢(0) = 0. This does not 
involve any loss of generality since, if g(0) ~ 0, we can replace q(x) by 
q(x)—q(0) and A by A—q(0) without altering the problem. 


2. Let x = p(A) be the function inverse to g(x) = Aand let p,, = p(A,,). 


p 


Since [ {A—q(x)}3 dx < pa, 


0 
we obtain, on putting A = 4, in (1.4), 
n < Ap, Ab. (2.1) 
Also (1.4) gives 
m{N (A+ ~vA)—N(A)} 
A) 


p(A+va) , 
{A—q(x)}# da + O(1) 


= [ {A+ vA—q(a)}? dx — 


0 


oF 





pia) , 1 
= | [A+vr—q(x)}!—{A—g(a)}8] det 
“ p(A+va) 
+ [ {A+ vA—q(x)}* da+O(1) 
pir) 
= I+h+0(1), 
say. Now 
Ir 
a + _ + _ — I 
{A+ vA—q(x)}? —{A—q(z)} {A+ vA—q(a)}? + {A—q(a)}# 
° vA 





"a r ie 

~ {A+wvA—q(2)}2 
On account of the convexity of q(x), if x < p(A), then 
q(x) — gplA)} _ _A 


a ~ pA) pla) 





Hence A+vA—q(x) > A+~vA—Az/p(A). 
Hence ‘ 
pA) ») 
VA dx 2p(A) a \") mn 
[See A Aine eae 
2% | {A+ vA—Azx/p(A)}# vA ( Fe 50) ° 
0 


= Ofp(A)}. 
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Since p(A) is concave downwards and p(0) = 0, if up > 0, 
P(A) . pA+H) 


A Dp 
, Hence P(A+p)—pir) < wp(A)/A, 
| and so I, = Of{p(A+vA)—p(d)}A*] = OfA-4 p(d)}. 
Altogether N(A+vA)—N(A) = Ofp(a)}. , (2.2) 
In particular N(A,,+¥vA,)—N(A,,) = O(p,). (2.3) 


3. We shall next prove that, for any fixed positive x, as n > 0 
,(x) = O(p;,*). (3.1) 

This is Lemma 9.8 of my book. The following proof is more general than 
that in the book since it does not assume that q(x) is differentiable, and 
is also simpler. 

We have Yn(X)+{A,— (x) jpn(x) = 0. 
The coefficient of 4, (2) is positive if 0 << x < p,. Hence in this range 
%s,,(x) is concave downwards where it is positive and upwards where it 
is negative, and it has just one maximum or minimum between con- 
secutive zeros. 

Let F(x) = YR) +n (x)/{A, —(a)}- 
Then, if 0 <a <b< p,, 


[ive wi2( 








_[ R@ } Di aedn(ce) 4 
(x)J LA, —9(x) | a A, — Q(x ) . 


. . b 
MED 42 [ vaterbate) de 
b 


.: =" oe 
= [tee] =FO-Fe. 














The left-hand side is non-negative, and so F(x) is non-decreasing. 
Consider first the case where %,,(0) = 0. We have 
x 


| i = 
, [ YB) dec = [pula bla) — | dle dbi (a) dex 


0 
xX 
= [YnleWr(ax)] — | R(w){q(a)—A,} de. 
0 


The integrated term vanishes at x = 0 and tends to 0 at infinity (see 











ON EIGENFUNCTION EXPANSIONS 239 


Lemma 10.2 of my book). Hence 


[ (2a) +a(aWR(a)} de =A, [ YR(x) de =A, (3.2) 
0 0 
Thus | bi? (x) da <A, (3.3) 
0 


Since g(x) is convex downwards, 
q(x) < 3{9(0)+9(x)} = 39(2). 
Hence U3Pn) < 34(Pr) = 4A, 
Accordingly, if x < 4p,, 
F(a) < Yq(x)+ 2bP(x)/A,,. 
It follows that, if 0 < € < }p,, 
tPn Dn 
[ F(x) de <{ (Rw) +2y/2(@)/A,} de 
é é 
< f WRw)+22(@)/A,} de < 3. 
0 
Hence, since F(x) is non-decreasing, 
Thus F(a) = O(p;*) uniformly in any fixed interval 2, <2 < 2,. If x 
is a zero of #,(x) in this interval, F(x) = ¥2(x), so that 
$,(x) = O(p;,). 
Such values of 2 are maxima or minima of #,,(x), so that (3.1) follows. 
In the case of the general boundary condition (1.2), (3.2) is replaced by 


[ Y2@)+a@WR(@)} dar = A, —4,,(0WY5,(0) 
= Ay +¥2(0) cot a. 
If cot « < 0, the result follows as before. If cot « > 0, the result follows 
if %,,(0) = O(At). Otherwise let 2 be the smallest zero of y,(x). If 
ys, (0) > 0, then #},(0) < 0, and %,,(x) is positive and concave downwards 
over (0,25) if 2 < p,. It follows that 
$,(%) D (1—2x/2%9)¥,(0) 
in (0,29). Hence 
Fs ro - 2 
f ae ae > v0) [ (1-Z) ae = EO 


0. 
0 0 
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Hence Y2(0)ay <3 
If %,,(0) > AA, this implies that 27, < A/A,. Now 


J {U2 (x) -+q(x)b2(x)} dar = A, J p2(x) de, 


and the result again follows since 2) < x, for n large enough. 
The proof of the main theorem is now similar to that given in my 


previous paper. 
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